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A bstract
The question of topology in the coronal magnetic field is addressed in this thesis. Mag­
netic reconnection, which plays a m ajor role in many of the fascinating phenomena seen 
in the solar atmosphere, is likely to  occur a t the boundaries between different topological 
regions of the magnetic field. By modelling the coronal field using discrete sources of flux, 
to  represent the concentrations seen a t the photospheric surface, we study the varying 
topological structures present in the field. We generate a criterion for determining the 
presence of null points above the photospheric surface and establish th a t any separatrix 
surfaces present in the field are due to the presence of either null points, or regions where 
the field tangentially grazes the surface. We follow the evolution of these separatrix sur­
faces and, in particular, determine the existence of a well-defined separator field line in 
the absence of coronal null points. Finally, we look locally a t the configuration of the 
magnetic field in the region surrounding a straight current sheet. We derive an analyti­
cal expression to describe the topology of both potential and constant-current force-free 
fields in the neighbourhood of a sheet, and in so doing generalise the previously known
expressions.
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C hapter 1
In tro d u ctio n
1.1 In trodu ction
As our closest and most easily observable star, the Sun is naturally an ideal starting  point 
for any study of stellar behaviour. Of all the billions of stars in the  universe, our Sun 
is not unusual: a standard  G 2-type sta r in the middle of its life and with an average 
tem perature and size for stars in its class. Yet it provides us with an almost ideal testing 
ground for theories of stellar activity and cosmical plasma processes in general. Indeed the 
study of solar processes are particularly justified in their own right due to  the profound 
effects th a t solar activity has on the E a rth ’s environment. For example, the disturbance 
of the E a rth ’s magnetic field by solar emissions and changes in the solar wind, and maybe 
more importantly, the effect on the E a rth ’s climate of variations in the  solar radiation. It 
is both the importance of understanding these processes th a t effect us, together with the 
diverse nature of the phenomena observed on the Sun, th a t help make solar theory such 
a fascinating area of modern research.
W ithin the one guise of solar theory there exist many, very different questions and 
areas of research. These range from Helioseismology, which uses wave techniques to  
try  and explore the structuring of the solar interior and explain the observed ‘5-m inute’ 
oscillations of the solar surface, to the study of the well publicised 11-year cycle for 
solar activity, traditionally monitored by the abundance of sunspots. Over the years the 
study of solar eclipses, which perm it the observer a rare view of the surrounding solar 
atm osphere, and more recently the study of X-ray and H-a images of the Sun, have also
7 trans­
ition
region
low coronaphoto- ! chromosphere 
sphere
6
log T
5
4
3
0 1000 2000 3000 4000 5000
height (km)
Figure 1.1; Variation of plasma temperature with distance from the solar surface (Athay 
1976).
revealed the existence of many fascinating structures and dynamical events above the 
visible surface of the Sun, or photosphere. These include solar prominences, which are 
seen as large, cool, dense regions in the solar atmosphere, and the rapid release of large 
am ounts of energy and the ejection of plasma which are associated with solar flares and 
coronal mass ejections. Perhaps one of the most fascinating and widely studied problems 
in solar theory, however, is th a t of the heating of the outer solar atm osphere known as 
the corona.
W hilst one might intuitively expect th a t as you move outwards from the surface of 
a hot radiating body the tem perature of the plasma would steadily decrease, it seems 
th a t this is not the case when it comes to the solar atmosphere. It has been found, 
rather, th a t whilst the tem perature decreases down to a minimum of around 4300 K in 
the photosphere, it then proceeds to  rise again. This rise is gradual a t first through 
the lower regions of the surrounding chromosphere but then the tem perature increases 
dram atically through a narrow transition region to give values of several million degrees 
in the  lower solar corona, a t about 3000km above the photospheric surface. From here the 
tem perature gradually decreases again as we move out into the interplanetary medium 
and solar wind (see Figure 1.1).
It has gradually been recognised over the course of this century th a t the m ajority 
of the features observed on or above the solar surface are in some way related to  the 
presence of a  magnetic field, and the heating of the corona it would seem is no exception 
to  this. Indeed, a t present, the coronal magnetic field is the key for the only plausible 
explanations for the large amounts of energy present a t such heights above the surface.
Brief discussions of the origins and nature of this atmospheric magnetic field together 
with its modelling and the various methods for its possible heating of the solar corona 
are given in the following sections. This chapter will then conclude with an outline of the 
work contained in the remainder of the thesis.
1.2 T he M agn etic F ield  o f th e  Solar A tm osp here
The magnetic field th a t threads the solar corona and is a ttribu ted  with all the interesting 
structures seen above the photosphere has its origins beneath the solar surface. Beneath 
the photosphere, which has a thickness of ju st a few hundred kilometres, lies the con­
vection zone and a t the base of this region lies a thin layer known as the ‘overshoot’ 
layer, separating the convection zone from the radiative solar interior. It is thought th a t, 
concentrated within this region, dynamo mechanisms are responsible for the generation 
of the solar magnetic field (e.g. Gilman et al 1989).
Fibrils of magnetic flux generated in the thin overshoot layer can become unstable 
and are able to  rise up through the convection zone due to buoyancy effects and protrude 
through the photosphere into the solar atmosphere. The rise of these flux tubes through 
the convection zone has been studied by many authors and it is found th a t the rise time, 
which may be of the order of months, and the latitude a t which the flux tubes emerge 
through the photosphere depends on the strength of the magnetic field and the am ount 
of flux contained in the tubes. Those flux tubes with a  stronger field and larger flux are 
found to rise faster and appear a t lower latitudes with the m ajority of flux tubes emerging 
a t latitudes between 10° and 30° (see e.g. Moreno-Insertis 1986, Choudhuri 1989, D ’Silva 
& Choudhuri 1992).
These findings are in good agreement with observations of the photospheric magnetic 
field. M agnetogram images of the solar surface show th a t the magnetic flux is locally 
gathered into discrete elements or flux tubes. These flux tubes may have field strengths 
of approximately 1-2 kC and radii of 200-300 km, with these radii rising to  the  order 
of 1000 km for active region fields. Large granular convection cells in the convection 
zone sweep the individual flux tubes to the cell boundaries where they concentrate, and 
large active region sunspots are thought to  form in this way as more and more like- 
polarity flux concentrations are swept together. These sunspots are typically found to  be
located in bands up to  30 degrees North or South of the equatorial plane and traditionally 
their abundance has been a measure of the varying level of solar activity. A further 
observational fact th a t may also be explained by this buoyant rise of flux tubes through 
the convection zone is the asymm etry in sunspot size and strength between the preceeding 
and following edges of active regions (Fan et al 1993). Typically it is found th a t spots a t 
the  preceeding edge of an active region are larger and longer lived than  those of opposite 
polarity a t the trailing edge where they are seen to be more fragmented.
W ithin the convection zone and the photosphere the gas pressure of the plasma is of 
the  same order of magnitude as the magnetic pressure and the flux tubes are restricted 
to  radii of a few hundred kilometres. However, both the plasma density and pressure 
decrease very rapidly with height above the solar surface. The magnetic pressure forces 
soon dominate, therefore, and the rising flux tubes expand rapidly as they emerge into 
the solar atmosphere (Figure 1.2). This expansion will generally continue until separate 
flux tubes press against one another and virtually the whole volume contains magnetic 
lines of force.
The global structure of the coronal magnetic field then consists of two distinct types 
of field structure. The first, coronal holes, are regions where the coronal field is open, 
with the field lines being dragged out into the interplanetary medium by the solar wind. 
Typically, coronal holes exist above the polar regions and above various large unipolar 
fiux regions; they are large, long-lived structures, lasting for the order of m onths a t a 
time. Coronal loops, in contrast, are closed magnetic structures covering roughly 80% of 
the solar surface. They take the form of magnetic loops and may vary greatly in size, 
field strength and tem perature, from the small emerging loop structures of ephemeral 
regions covering the m ajority of the solar disc and associated with X-ray bright points, to 
the  large-scale loop structures both within active regions and inter-connecting different 
active regions. It is the loop structures which are of geatest interest in studies of coronal 
energy release, since these closed field loops are able to confine the coronal plasm a and 
store energy above the solar surface.
1.3 M odelling  th e  C oronal M agnetic F ield
Much of the information gleaned about the tem perature, plasma motions and magnetic 
field of the solar atm osphere comes from the study of spectral absorption lines. In par­
ticular, it is the study of Zeeman splitting effects on these absorbtion lines which gives 
rise to  measurements of the magnetic field strength. W hilst this technique may be ap­
plied with a great deal of success in the photosphere and lower chromosphere, it does not 
seem possible, unfortunately, to find suitable spectral lines in the upper chromosphere 
and corona to allow any direct measurements of the magnetic field in these regoins. It 
has, therefore, been necessary to try  and model the coronal magnetic field in some way. 
To this end, many a ttem pts have been made to generate a magnetic field in the corona 
by extrapolating the field structures measured in the photosphere (e.g. Sakurai 1981, 
McClymont & Mikic 1994, Roumeliotis 1995).
In order to  perform such extrapolations of the photospheric boundary d a ta  some 
assumptions necessarily have to  be made about the nature of the coronal field. In general, 
l/he usual assumption is th a t the field is force-free.
// J  =  V X B =  a B , (1.1)
implying th a t the current (J) is parallel to  the magnetic field (B). This assumption is 
made on the basis th a t the magnetic Lorentz force (J  x B) dominates any other forces 
such as pressure and gravity, and this is certainly true for active-region coronal plasma, as 
already mentioned. One difficulty, however, of such an extrapolation problem is th a t a, as 
given in E q .( l.l ) ,  is in general a function of space (as are J  and B ), and thus the problem 
is non-linear. This makes any analytical solutions against which to  test the accuracy of 
an extrapolation procedure very hard to  find, although a few do exist (Low & Lou 1990).
By making the further assumption th a t a  in E q .( l.l)  is a  constant, the non-linearity 
of the problem is avoided and much analytical theory can be applied to  the extrapola­
tion process. However, further problems still arise due to  the m athem atical problem of 
extrapolation being ill-posed, and also through the need to restrict the extent of such 
constan t-a  fields in order to  avoid an unphysical periodicity inherent in the solutions. A 
final difiiculty, common to all extrapolation attem pts, comes from the fact th a t observa­
tional measurements have an ambiguity of 180° in the direction of the horizontal magnetic
photosphere
convection
zone
Figure 1.2: Schematic view of a rising flux tube expanding as it emerges through the photo­
spheric surface.
field components. The ambiguous field vectors, therefore, have to  be estim ated and any 
errors in this estimation will lead to  meaningless and misleading results. This ambiguity 
is particularly difficult to resolve in highly sheared regions of the field, although various 
techniques have been proposed in order to  aid this process (e.g. Gary & Démoulin 1995).
An alternative approach to  the modeling of the coronal field which avoids all the 
analytical and com putational problems described above is the use of discrete magnetic 
flux sources. As described in Section 1.2, the confined flux tubes emerging through 
the photosphere expand rapidly as the plasma pressure decreases (Figure 1.2), and it 
is convenient to  model the discrete photospheric concentrations of emerging flux tubes 
using either point sources or dipoles, located close to  the photospheric surface. One 
advantage of this approach is th a t it is then easy to describe the field analytically using 
either the potential or linear force-free expressions for point sources or dipoles (Démoulin 
& Priest 1992). By altering the number, location and relative strengths of these flux 
concentrations it is then possible to build model fields which match well the observed 
photospheric fields. Several studies of this kind have been carried out using both point 
sources (Démoulin Henoux & M andrini 1992, 1994, Démoulin et al 1993) and dipoles 
(Mandrini et al 1991, Démoulin Henoux &; M andrini 1992, Lan 1993). These studies have 
found good agreements between observed regions of coronal energy release and the regions 
of magnetic interest predicted by these models.
The relative merits of using either point sources or dipoles have also been studied 
(Démoulin Henoux & M andrini 1992, 1994). W hilst the use of dipolar flux sources ap­
pears favourable in term s of satisfying observational efl’ects such as the magnetic knots
of opposite polarity seen in abundance around the edges of large sunspots, it is found 
th a t, as far as locating the main topological areas of interest is concerned, there is little 
to  choose between the use of sources or dipoles. Indeed, the use of dipoles often tends 
to  introduce ex tra magnetic structures which are of little observational significance and 
may be confusing. Similarly, a linear force-free model which allows the presence of elec­
tric currents would seem more realistic than a potential field model which is current-free. 
Potential models are, however, mathematically much simpler and the differences found 
between the two models in locating the magnetic regions of interest are often small. Fur­
therm ore, any linear force-free models suffer from the same problem as described above 
of having an un physical periodicity in their solutions and so they need to  be truncated 
a t some finite distance. Thus, potential models using magnetic point sources to  model 
the discrete photospheric flux concentrations, despite their simplicity, give a good first 
approxim ation to the coronal field of an active region.
1.4 H eatin g  o f th e  Solar A tm osphere
We have seen from Figure 1.1 th a t the coronal plasma has a very high tem perature on 
the order of 10® K, and, without an energy input, this tem perature would fall away 
significantly due to  conduction and radiative cooling effects over a time scale of order 
10^ s. Thus, in order to maintain its high tem perature, there needs to  be an almost 
continual supply of energy to the atmospheric plasma. This energy is believed to  originate 
as dynamic energy due to continual plasma motions in the photosphere and convection 
zone which is then transported into the solar atmosphere by some mechanism. Initially, 
the belief was th a t the motions in the convection zone merely generate sound waves which 
steepen to  form shock waves as they propogate upwards. These shock waves could then, 
in tu rn , heat the plasma. It has since been realised, however, th a t whilst such acoustic 
wave mechanisms may heat the lower chromospheric regions it is very unlikely th a t they 
will contain sufficient energy to  be an effective heating source a t coronal heights (Athay 
& W hite 1977).
The now generally accepted view is th a t the magnetic field provides a suitable alterna­
tive to  acoustic waves as a mechanism for the transportation of the photospheric energy 
into the coronal plasma. One feature of the coronal magnetic field which is im portant to
such a mechanism is the fact th a t the solar plasma is very highly conductive. This means 
th a t the magnetic lines of force do not slip through the plasma but are effectively ‘frozen- 
in ’, thus being convected with any motions of the plasma. Also, as already mentioned, the 
corona is a low-beta plasma, meaning th a t magnetic pressure forces dom inate over any 
plasma pressures. Combined with the frozen-in condition, this suggests th a t coronal field 
lines are free to move in response to  magnetic pressures and drag the plasma with them . 
In contrast, the plasm a-beta of the photosphere and convection zone is greater than  unity 
and plasma motions in these regions drag the magnetic field along. These changes in 
order of magnitude of the plasm a-beta on passing from photosphere to  corona give rise to  
the im portant effect of ‘line-tying’. This means tha t, whilst magnetic field lines are free 
to  move in the corona, their footpoints in the photosphere remain effectively fixed. In 
this way, motions of the  photospheric plasma transfer energy into the coronal magnetic 
field which cannot then be transferred back and is effectively trapped in the corona by 
the line-tying effect. Furthermore, line-tying effects may also modify the stability of the 
coronal field (e.g. Velii & Hood 1989).
The processes by which energy trapped in the coronal field is released can now be 
broadly divided into two categories. This division is based on the ratio  of the characteristic 
timescale, r ,^, of the photospheric flows which drive the magnetic footpoints, to  the Alfvén 
tran sit time, T ,^ which is the tim e it takes for an Alfvén wave to  propagate along the 
magnetic structure. If the driving flow is fast compared to  the Alfvén transit time. 
Tv <  Tq., MHD waves will propagate along the field lines. This case is probably most 
applicable to  quiet region coronal loops which are generally longer and have an Alfvén 
tim e in the range 10-1000 s. For a detailed description of the various wave types and their 
properties see Roberts (1985).
Of the possible MHD wave modes it seems th a t only the Alfvén waves themselves are 
likely to  propagate effectively into the corona (e.g. Hollweg 1979, Leroy 1981). There 
exist a number of different mechanisms by which the energy carried by these Alfvén waves 
may then be transferred to  the coronal plasma. These may include resisitive dissipation, 
(although dissipation timescales may be too long for effective heating unless the field is 
inhomogeneous), resonant absorption and phase mixing (Heyvaerts & Priest 1983). A 
great deal of work has been done on understanding these various processes and a good
review is given by Browning (1991).
The second category of energy transfer mechanisms occur if the driving flow is slow 
compared to  the Alfvén time, >  r^, and this regime is more applicable to active region 
loops. In this scenario the magnetic field will essentially evolve through a series of quasi­
sta tic  equilibria, with the particular equilibrium sta te  a t any moment being determined 
by the positions of the magnetic footpoints. These equilibrium states will be force-free 
since the plasm a-beta is small. The photospheric energy is thus stored as currents in 
the distorted magnetic field in excess of the lowest energy sta te  which is the potential 
(current-free) field.
As the footpoints continue to  move, the field becomes more and more stressed and 
the currents will build up. Simple Ohmic dissipation of these stored currents would then 
provide a source of heating. The Ohmic dissipation time for the plasma, however, is given 
by
i’d. — — , (1 .2 )V
where rj is the resistivity and T is a typical loop lengthscale. W ith the corona being highly 
conductive the resistivity is very small, typically ■q ^  1 0 “ ® km^ s“ ^, and for a typical loop 
length L  1000 km, this gives a dissipation time of td ~  10^^ s. This is much too slow 
to  account for the required energy input timescale of rv lO'^  s, and in order to  produce 
effective timescales the typical width of a dissipation region needs to  be up to  four orders 
of m agnitude smaller, approximately 100  m.
It is believed, therfore, th a t the excess energy stored in the magnetic field will dissipate 
rapidly in localised regions where the field changes over small distances, rather than 
throughout the entire volume of a loop. These localised dissipation regions are known 
as current sheets since the current density, given by J  =  V X B , is enhanced as the 
length scales decrease. W ithin these current sheets the effects of resistivity are enhanced 
allowing magnetic field lines to reconnect and alter their topology to  produce a lower 
energy configuration, hence dissipating the currents. The theory of magnetic reconnection 
in current sheets and the rate  a t which it may proceed has been well studied in simplified 
two-dimensional geometries (Sweet 1958, Parker 1958, Petschek 1964, Priest & Forbes 
1986, Biskamp 1986, Priest & Lee 1990), although the study of fully three-dimensional 
reconnection is still in its infancy (Schindler et al 1988, Lan & Finn 1990, Priest & Titov
1995, Priest & Démoulin 1995).
One m ajor ongoing debate concerning this current dissipation mechanism is related 
to the formation and location of current sheets. Parker (1972) has proposed th a t if the 
footpoints of a smooth equilibrium field are moved in a continuous, random manner, the 
field will eventually reach a s ta te  where it can no longer achieve a smooth equilibrium 
due to  the imposition of the frozen-in condition. Some discontinuities (tangential) must 
therefore spontaneously arise in the field, a t which locations the field changes over an 
infinitesimally small scale. Magnetic reconnection (or topological dissipation) can then 
occur a t these very thin current sheets. This, however, is only in the  limiting case of an 
ideal plasma and realistically dissipation will s ta rt before the currents become infinite. 
Furtherm ore, the basic idea of discontinuities forming due to  a lack of equilibrium resulting 
from continuous boundary motions has been contested by several authors (e.g. Van 
Ballegooijen 1985, Zweibel & Li 1987). As an alternative Van Ballegooijen (1986) has 
proposed th a t, as the footpoints of neighbouring field lines are continuously intertwined, 
currents build up and a cascade of energies to  smaller scales takes place. As the scales 
decrease, dissipation occurs, but no infinite current regions or tangential disconuities are 
generated.
A feature of both the proposed models is th a t they s ta rt with fields having an initially 
uniform footpoint distribution. The photospheric flux, however, is generally clustered into 
discrete concentrations. The discrete flux tubes emerging and expanding into the corona 
are likely to  carry differing degrees of tw ist and will be topologically distinct from one 
another. Thus a natural site for the formation of current sheets would appear to  be a t the 
boundaries between neighbouring regions of distinct flux. As the footpoints are shuffled 
around and topologically distinct field lines are forced together tangential discontinuities 
will naturally be expected a t these boundaries.
Current sheets have also been shown to form due to  the collapse of two-dimensional 
X-type neutral points (Green 1965, Syrovatskii 1971), and recent numerical studies have 
shown the formation of localised thin current structures in fields with three-dimensional 
null points (Galsgaard & Nordlund 1996). The key criterion in all these cases of current 
sheet formation is the presence within the magnetic field of separatrix  surfaces, being sur­
faces which separate the field into topologically distinct regions. Such separatrix  surfaces
10
will arise due to the presence of either null points or flux originating from distinct sources.
The above theoretical picture of rapid dissipation of stored electric currents in recon­
necting current sheets is also associated with solar flares. Indeed, the rapid release of large 
am ounts of energy seen in flares can realistically only be achieved by this mechanism. It 
has been suggested, furtherm ore, th a t the same general reconnection model which has 
been developed to explain solar flares, may be responsible for the general heating of the 
corona via many smaller scale events, or ‘nanoflares’ (e.g. Parker 1988, Cargill 1993).
1.5 O utline o f T hesis
In Section 1.3 we have discussed how the magnetic field of a coronal active region may 
be modelled to a good first approximation using simple potential sources of magnetic 
flux. It has also been described, in Section 1.4, how the process of magnetic reconnection, 
which appears the most likely candidate for explaining both the heating of active regions 
and the more dynamic energy release necessary for solar flares, requires the presence of 
regions in which the field changes over small distances. Such small length scales are most 
likely to be found a t the boundaries between topologically distinct flux regions, and it is 
these which we are interested in locating in any active region model. Before complicated 
models using large numbers of sources are studied, it is im portant to  understand the basic 
topological elements of the field and how they change and interact with one another. It 
is this subject which we address in Chapter 2 using simple fields produced by ju st two, 
three and four photospheric potential sources, and studying the evolution and interaction 
of the separatrix surfaces which determine the topology of the field.
In C hapter 3 we go on to  look a t a more realistic coronal model in which the discrete 
sources are located a finite distance below the photospheric boundary. We discuss how the 
topological skeleton of the field now consists of separatrix surfaces formed by field lines 
which tangentially graze the photosphere, together with the separatrix  surfaces due to 
only those nulls lying on or above the photospheric plane. A simple criterion is also given 
for determining those nulls which lie above the photosphere. Furtherm ore, we establish 
the existence of a well-defined separator field line, at the m utual intersection of distinct 
topological regions, in the absence of any coronal null points. The work contained in this 
chapter has been written up in Bungey et al (1995).
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The question of the local field configuration in the vicinity of a current sheet is then 
considered in C hapter 4. Previously, the classical topological picture of a two-dimensional, 
potential magnetic field containing a current sheet had been described analytically by 
Green (1965) and Syrovatskii (1971). We develop a more general analytical expression 
(Bungey & Priest 1995) describing the local configuration of a  current sheet, in both 
potential and constant-current force-free fields, and encompassing the previous potential 
solutions as special cases.
The contents of this thesis are finally summarised in C hapter 5, together with a brief 
discussion of some unanswered questions and suggestions for future study.
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C hapter 2
3D  T op ology  o f  In teractin g  
M agn etic  Sources
2.1 In troduction
In order to model the effect on the overlying corona of the discrete concentrations of 
magnetic flux seen a t the photospheric surface we use simple point sources or sinks of 
magnetic flux placed on the photospheric plane itself. We then study the coronal magnetic 
field generated by these point sources. Our main interest here is to understand the 
complex topology of such a field as a preliminary to  studying energy release via magnetic 
reconnection, whether this be as a source of general heating for the coronal plasma or as 
a source of the more dynamic energy release associated with solar flares.
As already discussed in Chapter 1.4, the release of magnetic energy by reconnection of 
magnetic field lines necessarily requires the presence of large gradients in the magnetic field 
(or discontinuities if the plasma is assumed to be ideal). Thus when studying the topology 
of the coronal field we are interested in locating regions where possible discontinuities in 
the field may occur as a  result of ideal plasma motions. These regions will often tend to  
be a t séparatrices, the boundaries between regions of differing magnetic connectivity. In
our model, the vertical component of the field vanishes everywhere on the photospheric j
!
plane, except a t the magnetic sources themselves. This means th a t the  only possibilities 
for separating the coronal volume into regions of distinct magnetic connectivity are the 
separatrix  surfaces associated with the presence of 3D null points in the field.
13
In two dimensions, the separatrix  field lines passing through an X-type magnetic 
neutral point separate the plane into regions of differing connectivity. In three dimensions 
the field lines threading a null point in general form two classes, namely an isolated field 
line, or spine, and a surface of field lines, or fan. It is the fans which represent separatrix  
surfaces th a t separate the volume into topologically distinct regions. A brief review of 
m agnetic fields in the vicinity of 3D null points is given in the next section. Sections 3, 4, 
and 5 then go on to  study the null points, separatrix surfaces, and associated magnetic 
topology of the  fields generated by combinations of 2, 3, and 4 sources of magnetic flux, 
respectively.
2.2 T h ree-D im en sion al M agn etic  N u ll P o in ts
Recall th a t the field near a  magnetic null point a t Tn is given to the first order by 
B (r)  cri [(r — fn ) • V] B (fn). This may be written in m atrix form as
B(r) ~  ( r - (2. 1)
where B  is the 3 x 3  m atrix of derivatives.
/ 9Bv dBy dB,. \dx dx dx
dBy dBy dB^dy dy dy
V dBv
dBy
/9z dz
(2 .2)B =
Since V • B =  0 this m atrix has zero trace
tr(g) = è  = 0- (2-3)j = l  ^ ^ 3
which then requires th a t the three eigenvalues of the m atrix sum to zero (Ai-j-A2 + A3 =  0 ). 
Also, by definition, the eigenvalues of B  satisfy
det(H -  XX) =  0, (2.4)
where X  is the unit m atrix. Expanding this equation and taking into account Eq.(2.3), 
we obtain
1 tr (6 ^) A -  det(6 ) =  0, (2.5)
which is valid for an arb itrary  magnetic null point.
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This may be significantly simplified when all the sources lie in the photospheric z — 0 
plane. Thus
Bz\z=o — 0
and so
Vh.RzU=o =  0, (2.6)
where the subscript h represents the horizontal component. However, a t any null point of 
a potential (or indeed linear force-free) field we must have
V X Bjr=rN =  0 (2.7)
and so
=  0. (2.8)r=rN
Thus, if the null point lies in the photospheric plane z — 0^  Eqs.(2.6) and (2.8), imply 
th a t
^Bh
dz =  0 . (2.9)r=rN
This means th a t the m atrix B  has the following structure
 ^ 6 ii &12 0 ^
B &21 ^22 0 
0 0 6:
(2 .10)
33 /
where the m atrix of the horizontal field gradients is
=  =  VhBh(rN)6 ii  6 i2 ^
621  6 2 2
and
6 3 3
(2 .11)
(2 .12)
(2.13)
Due to Eq.(2.7) the m atrix Bh in Eq.(2.11) is symmetric, i.e. 612 =  621 or
Sh =  Bh •
After some straightforward algebra and making use of Eqs.(2.3) and (2.10)-(2.13) it 
is now possible to show th a t
tr(5") =  2 [6 |3 -d et(5h )], (2.14)
det(5 ) =  63sdet(;Sh). (2.15)
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This enables us to  factorize Eq.(2.5) in the form
(A — 633) [A^  T  633 A T  det(^h)] =  0 , (2.16)
from which explicit expressions for the eigenvalues follow, namely
Ai,2 =  — ^  d: VD ,
A 3  =  6 3 3 .  ( 2 . 17)
Here, due to the fact th a t B\  ^ is symmetric, the discriminant
D =  det(Bh) (2.18)
is always non-negative. This can be verified directly from Eqs.(2.3) and (2.13), by rewrit­
ing Eq.(2.18) as
C  =  J  ti-(Sh)^ -  det(Bh) =  i ( 6 n  -  (>22)^ +  &L. (2.19)
Thus all three eigenvalues of the null point m atrix B of Eq.(2.2) are real and are given by
Eq.(2.17). Also, from their structure we must have either one positive and two negative 
eigenvalues, or alternatively one negative and two positive eigenvalues. These two cases 
give rise to  nulls of positive and negative type, respectively, following the notation of Priest 
& Titov (1995). From the three eigenvalues we may also find the three corresponding 
eigenvectors
h i =  (612 5 Ai — 6 1 1 , 0 )
I12 =  ( A 2  — 6 2 2  , 6 2 1 , 0 )  j
hs =  (0 ,0 ,1 ) ,  (2.20) !
and due to the symm etry of B\  ^ it is easy to  show th a t these eigenvectors are orthogonal.
In both the above cases the eigenvectors corresponding to the two eigenvalues of 
the same sign define a plane in the vicinity of the null point and all field lines either 
leaving or entering the null (in the cases of positive and negative nulls, respectively) 
lie in this plane close to  the null and fan out away from the null to  form the so-called 
‘fan surface\ The eigenvector corresponding to  the remaining eigenvalue of opposite sign 
forms a curve known as the ‘spine curve’ in the notation of Priest & Titov (Lan & Finn 
(1990) referred to  the fan and spine as the S-surface and 7 -line, respectively). This spine
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•Spine curve
Fan surface
separator
fan
spine
F ig u re  2.1: (a) General 3D null point configuration, with the spine curve intersecting 
the fan surface norm ally at the null point. The null shown in this case is of positive type 
in the notation of Priest & T itov (1995). (b) Two or more fan surfaces may intersect 
one another with the extent of each fan surface being lim ited by the spine of the other 
null. The spine curves are shown as the thick lines and the fan surfaces are shaded in 
the region of the nulls. A separator field line, which lies at the intersection of the two 
surfaces, is also shown as the dashed field line.
curve is perpendicular to the fan surface in the case of potential or force-free fields (see 
e.g. Parnell et al 1995 for a comprehensive classification of null points). An example of 
such a configuration is shown in Figure 2.1a, and Figure 2.1b gives gives an example of 
how different fan surfaces may interact with one another.
We shall now study more closely the fan surfaces em anating from the 3D null points 
and forming the separatrix surfaces which separate the coronal field into regions of distinct 
magnetic connectivity.
2.3 T w o U nbalanced Sources o f  O pposite P olarity
Let us define a system of spherical coordinates {r,0,(f)) as shown in Figure 2.2, where 6 
represents the inclination to the æ-axis and (f> is the inclination of the plane through the 
z-axis with the zz-plane. The relation to the Cartesian frame is thus given by
X = r cos u 
y =  r s in ^ s in 0  
z =  r s in ^ c o s 0 . (2 .21 )
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y
a; fi X1
F ig u re  2.2: (a) The spherical coordinate system ( r , 0, (^)  to be used, and (b) the 
directional vectors in the plane (j) =  7r/2 for a source /*• located a t a distance a,- along 
the x-axis.
The magnetic field of a unit point source a t the origin is given by
B { r , e  ,(f)) =
We may write this field in term s of a curl as
F 0  
r  sin 6
(2 .22)
(2.23)
where F  =  — cos 61. Thus we have autom atically ensured th a t V • B  =  0 (except a t the 
isolated source itself) and also the condition B • VF" =  0, which implies th a t B is normal 
to  V F  and hence lies along surfaces of constant F . Indeed we may rewrite Eq.(2.23) in 
term s of Euler potentials in the form
B =  V X (FV G ) =  V F  X V G , (2.24)
where G =  </>, which also then implies B • VG =  0 so th a t field lines lie in surfaces of 
constant G. Thus the magnetic field lines are, as expected, determined by the intersections 
of surfaces 4> = constant and 9 = constant.
If we now consider a source located a t a distance a along the x-axis (Figure 2 .2 b), the 
field is given by
( ^ )  ■
However, using the coordinate system defined above and with this displaced source lying 
on the x-axis we have both ^\ = ^  and also r* sin 9i = r sin 9 . Thus the magnetic field of
18
this displaced source becomes
This is in an equivalent form to Eq.(2.23), with the held lines now lying in surfaces of 
— cos 6i =  constant.
Consider next the magnetic held generated by two discrete, unbalanced magnetic 
sources. W ithout loss of generality we can set one source a t the origin, with strength 
/o =  1 , and the other a t a distance ai along the æ-axis and with strength / i  =  — ci/o, 
where Ci > 0 (Figure 2.2b). This held is given by
B  =  (2-27)
or in term s of the notation of Eqs.(2.23) and (2.26)
B  =  V X . (2.28)\  r s m #  /
This is again of the same form as Eq.(2.23), where now F  =  c ico s^ i — cos#, and thus 
the held lines are simply dehned by the intersections of the surfaces — constant and 
€i cos #1 — cos 6 =  constant.
The magnetic held due to  these two unbalanced sources produces a null point on the 
æ-axis a t a point a^ N given by (from Eq.(2.27))
1 Cl
(^N -  ai)2
SO th a t
=  0 ,
a:N =  Tj 7^ =-T • (2.29)(1  -  v^ iJ
Thus when 0 < Ci < 1 this null point will lie a t a point on the æ-axis beyond the source 
a t a\ (Figure 2.3a).
As mentioned in the previous section, the fan surface for this null point will form 
a separatrix  surface in the coronal volume above the source plane. In any plane 4> —
constant the separatrix held line may easily be found. At the null point itself we have
# =  #1 =  0 and hence ei cos#i — cos# — ei — 1 . The separatrix held line in any plane (f) — 
constant is thus given by
€i cos#i — cos# =  €i — 1. (2.30)
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F ig u re  2.3; (a) Null point position against source strength ci for source separations 
of a \  =  0.5, 1, 2, and 4 given by the solid, dotted, dashed, and dot-dashed curves, 
respectively. The null point is seen to diverge to infinity as ei -> 1. (b) The shape of 
the separatrix  field line p lotted in the plane 0 =  0 for a fixed value of oi and values 
of €i — 0.2, 0.3, 0.4, and 0.5 given by the solid, dotted, dashed and dot-dashed curves, 
respectively.
W h ere  th is  s e p a ra tr ix  field line m ee ts  th e  s tro n g e r  o f th e  tw o sources, lo ca ted  a t  th e  orig in  
here , we also have  6 i  — tt an d  th u s , from  E q .(2 .30 )
cos 6o — 2ei -  1 y (2.31)
where Oq is the angle a t which the separatrix field line meets the source. It is worth 
noting th a t this angle is independent of the source separation and depends merely on 
the strength  ratio ci of the two sources. The variation of the null point position, .tn, 
w ith source strength ratio is plotted in Figure 2.3a, with the shape of the corresponding 
separatrix  field lines shown in Figure 2.3b for differing values of ex. A cross-sectional view 
of the general field structure, along with a three-dimensional view of a  selection of field 
lines em anating from the null point and forming the coronal separatrix  surface are given 
in Figures 2.4a and 2.4b, respectively.
So, for this basic held of two unbalanced sources of opposite polarity, the skeleton of 
the magnetic held topology is relatively simple and consists of a  null point, a spine curve, 
and a separatrix  fan surface (Figure 2.4). The separatrix fan surface passes through one 
source and the null point, while the spine curve sta rts  a t the other source, passes through 
the null and ends a t inhnity. As already discussed in Section 2 .2 , the eigenvectors of 
the held in the vicinity of the null point are orthogonal and given by Eq.(2 ,2 0 ). For
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0
F ig u re  2.4: (a) Cross-section of the basic field structure showing field lines both  inside 
and outside of the closed separatrix  surface (dashed curve) in the plane <j) =  (b) Field
lines forming the fan surface and hence the coronal separatrix  surface of a  photospheric 
null. The spine is shown as a thicker field line.
this two-source held, with the sources located on the æ-axis, it is easy to  show th a t 
612 — dBy^jdy =  0 for a null on the æ-axis. Thus the three eigenvectors of Eq.(2.20) are 
seen to  lie along the Cartesian ÿ-, x- and z-directions, respectively. Also, by evaluating 
633 and D  for this two-source arrangement, it is possible to  show th a t the eigenvector 
lying along the x-direction corresponds to  the eigenvalue of opposite sign and hence is 
the spine curve.
Thus the spine curve of the null point lies along the line of the sources, connecting 
flux from the weaker source to the null point. The fan surface intersects the source plane 
perpendicularly a t the null and closes over the weaker of the two sources, connecting the 
null point to  the stronger source. The coronal field is separated into ju st two topologically 
distinct regions: those field lines inside the closed fan surface join the two sources, whilst 
those outside connect the stronger source to  a flux source a t infinity (Figure 2.4a). The 
overall topology of this field remains unaltered by variations in the source separation or 
strength ratio.
2.4  T hree-Source F ields
Let us now add a third source of magnetic flux to  the field produced by the two already 
studied. W hat we shall find is th a t for unbalanced sources the skeleton of the field
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usually consists of two null points together with their fan separatrix  surfaces and spines 
curves. The spines join the nulls either to  one of the sources or to  infinity and thus they 
effectively join the nulls to sources of the same polarity. In general the two separatrix  
fan surfaces may either be nested or independent and may either meet a t one source or 
remain completely distinct depending on the positions and the strengths of the sources. 
In a few special cases, however, we may find the coalescence of the null points and either 
the birth of a null curve or the formation of additional nulls.
2 ,4 .1  C o lin e a r  S o u r c e s
If this third source is also placed along the æ-axis (or the line ^ =  0) a t a distance 0 2 , say, 
the magnetic field is now described by
B =  (2.32)
where the strengths of the sources a t a i and «2  are given by f i  = — ei/o  and /2  =  —^ 2/01
respectively, and as before we have taken /o — 1 for simplicity. We shall also assume th a t
both €i and €2 > 0. Generalising Eq.(2.23) we may write the field of this colinear case as
B =  V X ÿ )  , (2.33)V r s m ^  /
and thus field lines are now given by the intersections of planes 4> =  constant and
— cos 9 €i cos 61 -f- €2 cos 62 =  constant. (2.34)
(i) T h e  C ase ü2 > a± > 0 (O p p osite-P o larity  Source to  O ne Side)
Suppose now we initially look a t the case &2 >  > 0. Then all field lines em anating
from the source a t the origin satisfy
— cos 9 -\- COS 9\ -{- €2 cos 92 — — COS ^0 — '— ^2 , (2.35)
where 9q is the angle a t which the field line leaves the source.
This field will contain null points along the æ-axis at positions ,tn given by
 ^ 0, (2.36)(a)N -  ai)^ (^N -  «2)
22
0  &2
Figure 2.5: The general topology of the nested separatrix surfaces for three colinear 
sources when «2 > «1 > 0 seen in cross-section in the plane (f) = Q. The exterior null 
changes sides as the net flux changes from (a) negative to (b) zero (when the outer 
separatrix surface expands to infinity) to (c) positive. The spines are denoted by the 
thick lines and the séparatrices by dashed curves.
which may easily be rearranged to give a quartic in .tn ,
— 62) — 2a:^{ai(l ~  62) +  <2-2 (1  — €i)} (2.37)
+  .T^{a^(l — €2) +  ^2 (1  ”  ^1) d" 4^1 <22} ~  <%i(Z2 (Gi +  0,2) +  <%i<22 == 0 .
In general this equation will have two real and two complex roots. For the case 02 > <^ i > 0 
one of the real roots will lie in the region < <%2 , whilst the other will lie in either
fKN < 0  or Ü2 < corresponding to  the to ta l (net) flux being negative or positive, 
respectively. Examples of the general magnetic structure showing the separatrix  field 
lines em anating from the distinct null points for both these cases are given in Figures 
2.5a and 2.5c, respectively, with Figure 2.5b showing the special case of flux balance (i.e. 
zero net flux).
The angle, 9q  ^ a t which the separatrix field lines (of the perm anent internal null) leave
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the origin, is given by (from Eq.(2.35))
— cos ^0 ~  €^1 ~  ^2 — — 1 +  6% — Eg ;
i.e. COS0Q =  l - 2 c i .  (2.38)
This angle is independent of the source separations (ai and «2) and depends only on the 
relative strengths of the sources a t a i  and the origin, varying from 0 to t t  as ei increases 
from 0  to  1 .
In general then for this colinear source arrangement the topological skeleton consists 
of two null points, which produce distinct separatrix  surfaces nested inside one another 
and separating the coronal volume into three regions of differing magnetic connectivity. 
These nested separatrix  surfaces are either completely detached from one another or meet 
in a  single point a t the source of opposite polarity (at the origin in this case), depending
on the whether the net flux is negative or positive (see Figure 2.5).
(ii) T h e C ase 0 2  < 0, 0 < ai (O p p osite-P o lar ity  Source in th e  M id d le)
The second possible colinear source configuration occurs when ^2 <  0 and a i > 0, so 
th a t the  opposite-polarity source (positive, say) now lies between the two like-polarity 
concentrations. In the general case this field will also contain two null points along the 
line of the sources, given again by the real roots of Eq.(2.37). An example of such a field 
when the net flux is positive (i.e. €1 +  €2 < 1) is given in Figure 2.6a.
For this configuration with positive net flux we have again two distinct nulls producing 
distinct separatrix surfaces and separating the coronal volume into three topologically 
different regions. Unlike the previous configuration, however, the coronal surfaces are no 
longer nested inside one another.
An interesting situation arises for this arrangement as the net flux changes from pos­
itive to  negative. W hen the net flux decreases to  zero the null corresponding to  the 
stronger of the two like-polarity sources migrates out to  infinity (Figure 2.6b). As the 
flux then becomes negative we again have two real roots of the quartic Eq.(2.37), but these 
now both lie in the same region, either .tn < «2 or ai < corresponding to  62 < or 
€2 >  €1 , respectively (Figure 2.6c). The overall topology has now altered slightly with the 
separatrix  surfaces produced by these null points being nested as in Figure 2.5a, bu t with
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Figure 2.6: The general topology of the colinear case when 02 < 0 and ai > 0, (a)
The net flux is positive and the two nulls lie on opposite sides of the central source, 
in the regions îcn < «2 and ai < «n, and produce distinct separatrix surfaces, (b) As 
the net flux decreases to zero one null migrates to infinity, reappearing on the same 
portion of the x-axis as the other when the flux becomes negative, (c) The nulls are 
now connected by a common spine and the fan surfaces are nested.
the nulls now directly connected to  one another by a common spine curve lying along the 
æ-axis.
The configuration described above and shown in Figure 2.6c is for a  small negative 
net flux. If, however, this negative net flux is allowed to  become stronger, the two nulls 
m igrate towards each other and eventually coalesce; the point of coalescence may be found 
by studying more closely the eigenvalues of the null point field described in Section 2.2.
A bifurcation point, where nulls coalesce, occurs whenever one of the  eigenvalues of the 
field vanishes. Similarly, degenerate cases may also be found when two of the eigenvalues 
become equal (see e.g. Lau & Finn 1990). To study then the coalescence of the two nulls 
in the  above three-source configuration we look for the vanishing of one or more of these
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eigenvalues.
Consider the th ird  eigenvalue given by A3 =  633 =  dB^jdz^  which we may calculate 
by writing the field in term s of B (x  Using Eq.(2.3) we have
where
_  -  Xj) _  €j(y -  yi)-  2 ^  d3 , -  2 ^  03i=l i=l
Ri  — +  (2/ — 2/z) ]^ (2.40)
for sources lying in the plane z  = 0. Thus we find
A 3 - E { - 2 ; § H - 3 - d ( x - x O - ^ + ( . - . . O T |  (2.41)
and hence for A3 =  0 we require simply
However, since the three sources and the nulls being studied are all located on the æ-axis 
we have y ~  Vi = 0, and so this reduces to
^ “ ( 7 ^  " “ •
We may now also make use of the fact th a t we are studying a null point of the field. 
Thus, replacing xn by x in Eq.(2.36), we also have the condition
è  -
and, after eliminating €2 , Eqs.(2.42) and (2.43) give a cubic in x
x^[€i(tt2 — ^ 1) — ^2] 4” 3x'^di(i2 — 3xn^ <%2 “b (%%<%2 “  0. (2.44)
This cubic will in general have one real and two complex roots, with the real root giving the 
value of X, in term s of the param eters a i , «2 , and ei, for which the eigenvalue A3 vanishes. 
Furtherm ore, it is also possible to show th a t under this same condition, Eq.(2.44), the 
discriminant D  given by Eq.(2.19) vanishes. Thus, a t the point given by the real root
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Figure 2.7: (a) The critical value of eg against ei for null point coalescence in the 
symmetric case a 2 = —Oi. (b) The size of the net flux jl — ei — €2 ] at coalescence as a 
function of ei, with ei =  62 =  1 /2  corresponding to the balanced state.
of Eq.(2.44) all three eigenvalues become identically zero and the two nulls coalesce. If 
we specify the source separations (<%i , og) and the relative strength of one of the sources 
(ci), we are therefore able to  find the position a t which the two nulls coalesce. Then 
by substituting into Eq.(2.43) we may also find the corresponding source strength  (cg) 
required for coalescence.
As an example let us consider the particular case when ag =  —oq. Then Eq.(2.44) 
reduces to
— 2 ci) — 3x(i^ — ~  0 , (2.45)
and the real root of this cubic is given by
a; =  T& +  
where T  
Also, from Eq.(2.43) we have
2aj€i ai
(2 ei -  l ) 2r i  (2 ei -  1) 
2 eiaf
(2 6 1 -1 )3
eg =  (æ +  aiŸ €1
(2.46)
(2.47) ^ ((u -  '
and by substituting for x  from Eq.(2.46) we may obtain an expression for eg in term s 
of ei, and % . This relationship is plotted in Figure 2.7a, and it is interesting to  note 
th a t this relationship is identical for all values of a i. Also plotted in Figure 2.7b is the 
corresponding net flux value |1 — ei — eg| a t coalescence as a function of 6%. It is seen from
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this plot th a t the coalescence occurs for only a small net flux, i.e. with a small imbalance 
in the positive and negative fluxes.
A plot of the magnetic field a t this moment of coalescence is given in Figures 2.8a and 
2 ,8 c for this symmetric case and it can be seen th a t the two nested separatrix  surfaces 
now meet a t the degenerate null point.
As the size of the net flux 11 — €% — cg I increases beyond the coalescence value plotted in 
Figure 2.7b, the quartic of E q .(2.37) no longer has any real roots and hence we no longer 
find any null points along the æ-axis. This is due to the degenerate null of Figures 2.8a 
and 2 .8 c bifurcating to form a null line, which may be regarded as being made up of an 
infinite number of adjacent null points and forms a semi-circular arc in a  plane 0 =  7t/ 2 .  
It is the intersection of two separatrix surfaces (dashed curves in Figure 2.8b) whose field 
lines are shown in a  vertical and horizontal plane in Figure 2.8d. These surfaces split the 
coronal field into four topologically distinct regions of magnetic connectivity. The null 
line is likely to  be a favoured site for magnetic reconnection since it is a t the intersection 
of all four of these topological regions (Figure 2.8d).
(iii) B alanced  F lu x  C ases
In the preceeding two sections we have examined a model coronal field generated by three 
unbalanced sources of magnetic flux. For these unbalanced cases there is an overall non­
zero net flux which it is assumed will connect to  a more d istant source concentration. 
It is worth noting, however, how the topological skeleton of the fields described in the 
previous sections varies in the special case of balanced sources, i.e. with zero net flux.
Under these balanced flux conditions we have simply 1 =  ei -f Cg and hence Eq.(2.37) 
reduces now to  a cubic in o;n - This cubic has just one real root which lies in the region 
a i < < ag for the case of ag > ai > 0 of Section 2.4.l(i). The other previous real root
exterior to this region has migrated to  infinity in the limit ei -T eg —^ 1. Thus we are left 
with ju st one null point and hence one separatrix surface, with the previously external 
surface disappearing to  infinity along with the null.
Similarly, for the case ag < 0 , ai > 0 , we are left with ju st one null lying either in the 
region < ag or ai < (corresponding to  cg < ci or eg > ci, respectively). Again, this 
behaviour corresponds to  one of the nulls migrating to infinity in the limit ei -f eg 1 .
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Figure 2.8: The degenerate null point at the moment of coalescence (or bifurcation) is 
shown in (a) in a cross-section through the plane ^ = 0 and in (c) in a general 3D view. 
The two separatrix surfaces meet at the null and their intersections with the planes 
^ — —7t / 2 , 0, and tt/2 are drawn in (c). Similar views are given in (b) and (d) after 
the bifurcation of the null and the séparatrices now intersect one another at a null line 
(the dotted curve in (d)).
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Also, with now only one null point present in this balanced flux case, we no longer see the 
coalescence and bifurcation described in Section 2.4.1 (ii). The topology of both source 
configurations is then reduced simply to th a t of one null point and one separatrix  surface 
and hence ju st two regions of differing connectivity.
2 .4 .2  N o n -C o lin e a r  S o u r c e s
Thus far in this section we have only considered the special case of a colinear three-source 
field. We now ask how the topological features will change, if a t all, when this colinearity 
is destroyed.
(i) G eneral F ield  E volu tion
In order to  study this case we shall s ta rt by fixing a source of strength eo =  1 a t the 
origin as in the previous section. We shall also then fix, without loss of generality, a 
source of strength —€i a t the position a i =  1 on the positive æ-axis. The remaining 
source, of strength —€2 , will be initially placed a t x =  — og on the negative æ-axis, where 
I«2 ! > 1 , and then be ro tated  around the origin from its initial position a.t 0 — w through 
to  ^ =  0, corresponding to  the point x — a2 on the positive a’-axis. This motion should 
generate, w ithout loss of generality, all possible source arrangem ents and hence all possible 
topological configurations.
Unfortunately, in breaking the colinearity of the sources we are no longer able to 
express the field in the form of Eq.(2.23) and hence find an analytical expression for the 
separatrix  field lines. We shall therefore revert to  a standard Cartesian coordinate system 
for the remainder of this section, with the photosphere being given by the plane z  = 0.
Following the procedure described above, we initially have the two like-polarity sources, 
€i and €2 , located on either side of the opposite-polarity source a t the  origin. This situa­
tion is then ju st as described in Section 2.4.1(ii), with two nulls lying outside the soures, 
one of which migrates to  infinity as the net flux decreases to zero, and which merge and 
bifurcate to  form a null line as the fiux becomes sufficiently negative. Suppose we now 
s ta r t  with a  positive net fiux, so th a t the two distinct nulls and their fan surfaces are 
on opposite parts of the æ-axis, and we move the source C2 away from the axis. As this 
source moves smoothly in an arc around the origin the topological structure of the field
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Figure 2.9: General topology for non-colinear sources with net positive flux, The two 
nulls Ni and Ng produce distinct fan surfaces.
will also evolve smoothly.
In Cartesian form the field in the z  = 0 plane is given by Eq.(2.40) and for null points 
of the field we require Bx = By — 0. This, however, is not straightforw ard to  solve 
analytically when we no longer have ?/2 =  2/i =  0. There will though, in general, still 
exist two null points in the photospheric plane producing distinct separatrix  surfaces. As 
the source rotates, so will the corresponding null, and the null previously on the positive 
rc-axis also becomes displaced. A general configuration is shown in Figure 2.9, with the 
overall topology being unchanged from th a t of the initial case (e.g. compare with Figure 
2 .6 a), and the skeleton consisting of two null points, Ni and N2 , two spines and two 
distinct fan surfaces.
W ith continuing rotation the two distinct separatrix surfaces become increasingly 
pressed together and distorted a t one side until a t some critical point the spine curve 
of the null originally on the positive .T-axis intersects the fan surface of the other null. 
At this point the smaller separatrix surface becomes engulfed by the larger one and the 
topology changes to  one with nested surfaces. This configuration then tends to  th a t of 
Section 2.4.l(i), as in Figure 2.5b, as the moving source continues towards the æ-axis. 
The topology of the field is shown ju st prior to  capture in Figures 2.10a and 2.10b, with 
Figure 2.10b giving a plan view of the photospheric field lines, showing the spine curves 
(thick curves) and séparatrices (dashed curves). Similar plots are given a t the moment of 
transition (Figures 2.10c and 2.10d) and ju st after the nesting of the two surfaces (Figures
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2 .1 0 e and 2 .101).
Throughout this evolution the basic topological features have remained unaltered, 
consisting of two magnetic null fan surfaces separating the volume into three distinct 
regions, with the most interesting feature being the change from independent to  nested 
fan surfaces. Around this point in the evolution the magnetic surfaces, although never 
intersecting, become pressed very close together. In general, high current densities and 
coronal heating events tend to be produced a t separatrix surfaces in the magnetic field 
and so in such a region where two séparatrices are pressed close together any heating is 
likely to  be enhanced.
In general, this evolution is very similar to  th a t of the colinear case already studied, 
with the overall topology, despite changing from independent to  nested surfaces, remaining 
the same. However, for the colinear case of Section 2.4.1(ii) we also found th a t the basic 
topological structure of the field does change quite dram atically a t the bifurcation point 
given by Eq.(2.44) when the nulls coalesce and a null line is born. We may now ask 
whether a similar moment of basic topological change can be found for the non-colinear 
case.
(ii) N u ll P o in t C oalescence
We may anticipate th a t, as in Section 2.4.1(ii), any m ajor topological changes will be 
associated with the bifurcation or coalescence of a  null point, and it is this which we 
shall now seek for the non-colinear field. The field in the photospheric plane is given by 
Eq.(2.40) along with the ^-component
1 €iBz = z
[ x ^  +  2/2 +  %2]2 [(a; -  a : i )2  4 - ( 2/  -  2 /i)^  +
   r  \ . (2-48) I[{x -  æ i ) 2  +  (2/ -  2 /1 )2  +  ^ 2 ] 2  j j
which will naturally vanish in the plane z =  0. Now recall from Section 2.4.1(ii) th a t in ;
1:order to  find a bifurcation point we require one of the eigenvalues (A) of the null point |
field to  vanish. We shall therefore s ta rt our search, as in Section 2.4.1(ii), by supposing j
ith a t 1
I
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Figure 2.10: (a) The independent separatrix surfaces approach one another; they 
meet at some critical point in (c) and become nested (e), Corresponding plan views of 
photospheric field lines are given in (b), (d) and (f) to illustrate the different connectivity 
regions.
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From Eq.(2.48) we have
\  I _  1______________________________ £2_ __
[a;2 +  y2] |  [(æ _  æi)^ +  (y -  3/1)2]# [(æ - 3:2)^ +  (y -  1/2)^]^
and by setting this to  zero and multiplying by y we obtain
   J - - - - - - - - - - - - - - - - —  r  = - - - - - - - - - - - - - - — -- - - - - - - - - - r -  ( 2 . 5 0 )
[æ2 +  ÿ2]2 [(æ -  * 1)^ + ( ÿ - ÿ i ) 2 ] ’ [(*  -  * 2 )^ + ( ÿ  -  î/2 )^ ]“
However, for a null point we must also satisfy By =  0, and from Eq.(2.40) this gives
 ^ --------------- (i z W f :-------^ (2.51)
+ [{x -  X iY  ^  {y -  y i Y Y  [(x -  X2Y-)r {y -  y2Y Y
For the source arrangem ent under consideration we also have yi = 0 and the left-hand
side of Eq.(2.51) is equal to  th a t of Eq.(2.50). Thus we find
_________ m __________ ^  jy -  2/2) ^2
[(æ -  X2)^ +  (^ -  2 /2 )^ ]2 [{x -  X2)^ +  (2/ -  2 /2 )^ ] 2
which simply implies th a t 3/2 =  0. This means th a t for a null to  be degenerate with
A3 =  0  we require 2/2 —  0  and hence the sources to  be colinear, as already discussed in the 
previous section.
For a  bifurcation point in the non-colinear field we must then consider instead Aj =  0, 
say, and this requires from Eq.(2.17)
Making use of Eqs.(2.3) and (2.19) this implies 
dB^ d B y Ÿ  ^
dx dy J \  dy  J \  dx dy  
which may be rearranged to  give the condition
d B ^ V  d B ^ d B y
dy )  dx dy  ■
The three individual expressions in Eq.(2.53) may all be derived from Eq.(2.40), and after 
some straightforward algebra we obtain
[a;(2/ -  2/2) -  y { x  -  X 2 ) f  +  [ { x  -  X i ) { y  -  3/2) -  (% -  X 2 ) { y  -  2/i)]^| =  0,
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where R{ (for z == 0 2 ) is given by Eq.(2.40) with Xq =  yo =  0.
This condition for bifurcation is, however, too hard to  solve analytically for the general 
case, even with yi =  0 , bu t some progress may be made if we consider a special sym m etric 
source arrangem ent. Suppose th a t the sources —ci and —€2 are equal in strength, i.e. 
Cl =  62, and th a t they are placed symmetrically about the rc-axis such th a t æi — X2 and 
2/1 =  —2/2 - Under this symmetric arrangem ent we may now expect th a t any bifurcation 
or coalescence of nulls will take place on the line of symmetry, i.e. the .T-axis. Thus we 
may set y =  0 in Eq.(2.54), so th a t
Ro — X , R i  = R 2 =  [(.t -  +  2/i]  ^ , (2,55)
and Eq.(2.54) reduces to
Since we are considering a  null-point field we must, of course, also satisfy = By — 0. 
Clearly for this symmetric source arrangem ent By — 0 will autom atically be satisfied a t 
all points on the æ-axis and hence we ju st require, from Eq.(2.40)
■®’‘ ^  ^  =  0 - (2-57)
Equations (2.56) and (2.57) determine the null point position (z) and the value of ci 
for null-point coalescence as functions of aq and t/i, with R i  given by Eq.(2.55). After 
eliminating i^i, Eq.(2.56) may be w ritten as a quartic in x, namely,
-2x"^xl  -f æ^(8 æi + 4:Xiyf) -  x'^{12xj -f 22x ly f  +  9t/J)
+  .T(8œf +  l l x l y f  4- 9xiyf)  -  {2xf -f 4 x iy l  -b 2xjy})  -  0, (2.58)
which has four real roots given by
Syl  4- 2x1 ±  T  3yf  H- 4x\  d= T (2.59)2xi  4xi
where
T  =
Ju st as in Section 2.4.1(ii), we may now substitu te these real values of x  from Eq.(2.59) 
along with Eq.(2.55) into Eq.(2.57) to  give a value for the relative source strength  ci
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F ig u re  2.11: Variations w ith angular position (^i) of the sources of (a) the positions 
of the bifurcation points, ^initial (solid) and aîfinai (dashed), and (b) the critical values 
of Cl for bifurcation.
(=  62). We then find th a t two of the roots in Eq.(2.59), namely those with T ” , lead to  
negative values for ci and so may be discarded since we have stipulated a t the beginning 
of this section th a t both €1 and cg be positive. Thus we are left with two real roots, 
given by the “+ T ” solutions of Eq.(2.59), which give two values of Ci (=  €2) for which 
the eigenvalue Ai vanishes for this non-colinear, symmetric field.
Let us now follow the evolution of such a field in order to study the bifurcation and 
the associated topological changes. We keep the source of strength fo = l  fixed a t the 
origin as before and place the equal-strength sources, €1 =  Cg, a t positions (z i, y i )  and 
(a:i, - y i ) ,  or in polar coordinates a t (ri, ^1) and (ri, - ^ 1), respectively. Thus, by writing 
Xi =  n  cos Oi and yi = ri  sin Oi in Eq.(2.59), we find th a t bifurcation occurs on the æ-axis 
a t positions
4 — sin^ 9i +  sin Oi \/sin^ -f 8
^ initial
® final
ri
n
4 cos 61
sin^ 4 - 2  -j- sin 9i \Zsin^ ^1 +  8 (2.60)2 cos 9i
W ithout loss of generality we may now fix f i  =  1 and simply study the evolution of 
this field as we vary ^1 . From Eq.(2.60) we plot the relationship between x  and 9\ a t 
bifurcation, as shown in Figure 2.11a, and by substituting for x  from Eq.(2.60) into 
Eq.(2.57) we may also find and plot the relation between ei and 9i a t bifurcation. Figure 
2.11b. In both figures the solid curve corresponds to  ^initial and the dotted to «final- In 
order to study the nature of this bifurcation we shall fix ei a t some value < 0.5, which is
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seen to  be the upper limit of both curves in Figure 2.11b and corresponds to  zero net flux, 
and simply vary 9 i . For a fixed value of ci we may now define two critical values of 6 i , 
l^initiai ^nd given by the relevant values of 9\ from Figure 2 .1 1 b and corresponding
to «initial and «final, respectively.
S tarting from 9\ ~  tt / 2  we have all three sources colinear and the field is th a t of 
Section 2.4.1(ii) (see Figure 2 .6 a), with two distinct, closed fan surfaces. As 9\ decreases, 
this field evolves as described earlier in this section, with the distinct separatrix  surfaces 
gradually becoming more and more pressed together in the vicinity of the positive «-axis 
and the two null points (Ni and Ng) approaching one another. A plot of the field topology 
is given in Figure 2.12a and can be seen to  be very similar to  th a t of Figure 2.10a, except 
th a t now the field is symmetric. This smooth evolution will continue until 6>i reaches 
the first critical value 9^^.^^^^, a t which point a  degenerate null (N) appears on the «-axis 
a t « =  «initial- The topology a t this moment of degenerate null appearance is shown in 
Figure 2.12b.
W ith a further decrease of ^i, so th a t 9i now lies between the two curves of Figure 
2 .1 1 b, i.e. < ^1 < ; the newly formed null bifurcates to  give two nulls (N3 and
N4) which diverge from each other along the axis of symm etry as 9i continues to  decrease. 
Thus, for values of ^1 in this range, the three-source magnetic field now contains four null 
points and the topological structure of this field is as shown in Figure 2 .1 2c. The two new 
nulls produced along the «-axis have different orientations: the inner of the two (N3 ) has 
its spine curve connected to each of the two symmetric sources and its fan surface in a 
vertical plane along the the «-axis; the outer null (N4) has its spine in the vertical plane 
through the «-axis and its fan surface in the horizontal «y-plane. The fan of (N3 ) extends 
to  the spine of (N4) whilst the fan of (N4 ) extends in the z = 0 plane to  the spines of the 
other three nulls (see Figures 2.12c and 2.13c).
W hilst this topological reconstruction has been taking place along the «-axis, the  two 
original nulls (Ni and N2) have been gradually migrating inwards towards the positive 
«-axis from either side. As 9i continues to  decrease so the m igration continues and, when 
the second critical value is reached, 9i =  these two nulls coalesce on the «-axis,
together with the outer of the two new nulls (N4 ) a t a point given by «final of Eq.(2.60) 
and Figure 2.11a. W ith any futher decrease of below this second critical value the field
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F ig u re  2.12: Evolution of a  sym m etric field w ith two nulls N i and Ng from (a) inde­
pendent fan surfaces for Oi <  through (b), the b irth  of a  degenerate null point
N on the æ-axis for &i =  > to (c) the bifurcation of this degenerate null to  give two
ex tra  nulls (N3  and N 4 ) when <  ^linitiai- (d) Finally, after the coalesence
of the three nulls (N i, N 2  and N4 ) the configuration returns to a two-null field when
< I^final •
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Figure 2.13; Plan view of the photospheric field lines during the field evolution of Fig­
ure 2.12, The spine curves (thick) and the séparatrices (dashed) are shown to illustrate 
the changing topological regions.
now possesses ju st two magnetic null points, both lying on the sym m etry axis. The final 
field configuration following the coalesence of the three nulls is shown in Figure 2 .1 2 d, 
with a  selection of field lines shown in the two fan surfaces. The fan surface of the inner 
null still lies in a vertical plane above the a;-axis, whilst th a t of the resulting outer null 
now intersects the æ-axis and the photospheric plane normally and closes over to  the 
source a t the origin, much as in the case of the colinear arrangem ents studied in Section 
2.4.1. A plan view of the photospheric field lines during the same evolution is shown in 
Figures 2.13a-d to  illustrate more clearly the  different connectivity regions present during 
the reconstruction of the field.
Although having no direct bearing on the overall topological skeleton of the field it is 
interesting to  note briefly here the variation of the local field structure  around the null 
points. For example, the null of Section 2.4.1 (Figure 2.4b) is a standard  potential, radial
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null, whilst the resulting outer null described above, despite still being potential of course, 
is clearly seen from Figure 2.12d to  be an improper radial null with the m ajor fan axis 
being in the vertical direction (see Parnell et al, 1995).
The above bifurcation and coalescence study was carried out by fixing the relative 
symmetric source strength (ci) and varying the position of the sources, 9i. I t is also pos­
sible of course to  follow exactly the same field reorganisation by keeping the sources fixed 
and simply varying the strength. The range of param eters for which the field contains 
four null points corresponds for both scenarios to the region between the two curves of 
Figure 2 .1 1 b. Also, whilst the above study looked a t a symmetric field arrangem ent, the 
same topological changes may still be found if a small degree of asym m etry is introduced 
(e.g. by having ei slightly larger than  eg or |^i| slightly larger than  j^gl etc.). The sym­
metric case, however, gives the optim al configuration for this field restructuring, having 
the largest param eter range for which the four null points are present. If the asym m etry 
becomes too large then the bifurcation and coalescence described above does not occur 
and the field merely evolves from independent to nested fan surfaces as described in Sec­
tion 2.4.2(i). Finally, in the case of balanced flux we have ci =  eg =  0.5 for the  symmetric 
field, and from Figure 2.11b, bifurcation and coalescence occur a t the same moment for 
$i = ^ ,  This is now seen from Figure 2.11a to  take place a t an infinite distance from the 
sources.
2.5 B a lanced  Four-Source F ields
Let us now go on to study the topological structure of coronal fields generated by four 
magnetic flux concentrations. In general, the variety of possible source arrangem ents in 
this case is rather large and an exhaustive study of all possible configurations does not 
seem worthwhile. Thus in this section we shall restrict ourselves to  studying ju st a  few 
specific source arrangem ents which are of particular interest. We shall first make the 
assumption th a t the to ta l flux is balanced, i.e. zero net flux, and then go on to  study two 
specific source arrangements.
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Figure 2.14: General centro-symmetric four-source arrangement considered in this 
section.
2 .5 .1  E m e r g in g  F lu x  B r e a k -O u t
In addition to the flux balance assumption let us now also assume a centro-symmetric 
source arrangem ent, centred on the origin. Thus we shall position the opposite polarity 
source pair, co(= l) and —ci, on the .T-axis a t x =  - 1  and x = 1 , respectively, with 
the remaining opposite polarity pair, £2 and - £ 3 , a t positions (r2 ,^ 2) ,  (^2 , ^ 2  +  ^) i  
respectively, where 0 <  r  < 1 (see Figure 2.14).
The condition for flux balance in this case is simply
1 — T  62 — £3 =  0 , (2.61)
and this particular configuration is of general interest in the modelling of solar coronal 
m agnetic fields and has been studied previously by several authors (e.g. Baum & Braten- 
tah l 1980, Gorbachev &: Somov 1988). The two external sources, £q and —£1 , along the 
æ-axis may represent an existing bipolar region of the coronal field and by allowing the
internal sources, £2 and —£3 , to  increase in strength this arrangem ent may be useful in
modelling the emergence of a new bipolar region into an overlying field.
An emerging bipolar fiux scenario is widely accepted as an integral part of the dynamic 
evolution of photospheric active regions and has been observed for many years (e.g. Zirin 
1972). Moreover, this form of field evolution may be of particular interest in the future 
study of prominence formation, with recent observations suggesting the form ation of many 
coronal structures may be due to  newly emerging fiux interacting with an overlying field, 
in contrast to  previously considered models involving the shearing and twisting of the 
existing field.
For the sake of simplicity let us study the further special case of centro-symmetric
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source strengths as well as positions. Thus we shall set ei =  —cq =  — 1 and €3 =  —62- 
Now let us consider initially the case ^ =  0, so th a t all four sources are colinear along the 
.T-axis with alternating polarity. This case is therefore equivalent to  an internal bipolar 
region emerging antiparallel to an existing one. The magnetic field along the æ-axis, in 
the central region between the internal sources is simply given by
(r +  l )2 (r — 1)2  (r +  ^2)^ (r —7'2}^’ 
and hence any nulls along this region of the æ-axis are located a t the roots of
r®(l -  €2) +  r4 (l -  2rl  -  €2^2 +  ^^2) +  -  2 r |  -  £2 +  2 e2f i)  +  ^2(^2  “  ^2) =  0 . (2.62)
This cubic in will have one real root, corresponding to  two nulls symmetrically located 
either side of the origin. Clearly, when €2 =  0 the held is ju st th a t of the external bipole 
and contains no separatrix surfaces. W ith an increase of €2 from zero, however, the two 
nulls described above will appear and their fan surfaces now divide the coronal volume into 
three regions of distinct connectivity . A cross-sectional view of this held conhguration is 
shown in Figure 2.15a.
W ith increasing €2 , i.e. a growing in strength of the internal bipole, the two nulls 
m igrate inwards along the ,T-axis, meeting a t the origin when €2 =  r | .  By studying the 
third eigenvector, A3 — d B ^ j d z  of the localised null point held, as in Section 2.4.1 (ii), 
it can be shown th a t d B ^ / d z  =  0 for r =  0, and thus the nulls coalesce a t the origin 
as shown in Figure 2.15b. Ju st as described for the colinear three source held of Section 
2.4.1(ii), a null line is formed and arches out of the photospheric plane into the coronal 
held as €2 increases beyond the critical value of €2 =  W ith the birth of this null line 
the coronal volume is now split into four distinct regions of held line connectivity rather 
than  the previous three, with the null line being at the intersection of all four regions. A 
cross-sectional view of this held for €2 >  is shown in Figure 2.15c.
The null line which is born a t this coalesence will form a semi-circular arc normal to 
the cc-axis whose maximum height we may determine. In term s of the vertical height {z) 
the held in the æ-direction, evaluated on the z-axis, is given by
2  2 €2f 2-Bar(0 , 0 , z) =
( l  +  z ^ ) 2  ( r |  4 -2 :2 ) 2
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Figure 2.15: Evolution of a colinear, antiparallel field as the internal bipole increases 
in strength, (a) Initially there are two distinct nulls, together with their fan surfaces, 
which then (b) coalesce at the origin, and (c) form a null line, (d) Following the rise of 
the null line the internal flux erupts through the external field forming two new, distinct 
nulls exterior to the active region.
and so the height of the null point on the z-axis is simply
.  1 -
We see from Eq.(2.63) th a t sg =  2*2 is the critical value for form ation of the null line and
as €2 increases so the height of this null line will increase. We may also see from Eq.(2.63) 
th a t as 62 —> 1 / 7-2 , the height of the null line will approach infinity. A plot of the rise of 
the  null line with internal bipole strength is given by the solid curve of Figure 2.16a.
It can be seen from this curve th a t following a quick rise in its initial stages the 
upward velocity of the null line steadies slightly before accelerating rapidly to  infinity as 
the internal bipole strength continues to  increase. This rapid asym ptotic rise of the null 
line signifies the emerging bipolar field ‘breaking through’ the overlying coronal field a t
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Figure 2.16: (a) The rise with internal bipole strength of the null line (solid curve) 
and separator field lines (dotted, dashed, dot-dashed and dot-dot-dot-dashed curves) 
for values of 62 =  0, tt/4, tt/2, 37t / 4 , and tt, respectively, (b) Height of the separator 
against internal angle, ^2 , for a fixed value of eg = 1 .6 , showing a maximum separator 
height at an angle of Ô2 ~  7t / 4 .
th is critical limit. Following this breakthrough of the internal field, two nulls appear along 
the outer regions of the a;-axis (i.e. on x < —1 and % > 1) and their fan surfaces close 
over the external sources leaving the coronal volume once again with just three regions of 
m agnetic connectivity. The final s ta te  is shown in cross-section in Figure 2.15d.
The case considered above is a special case with the internal bipole emerging anti­
parallel to  the existing field. Let us, therefore, now study a similar evolution with the 
internal bipole emerging a t some arbitrary  angle, ^2 , to  the æ-axis. W ith the sources now 
non-colinear we no longer have null points of the magnetic field located on the a?-axis, 
and although the field will still contain two null points in the photospheric plane it is 
no longer possible to  find their locations analytically. We may still, however, follow the 
evolution of the field numerically, and we find th a t this evolution is very similar to  th a t 
of the colinear case above {O2 = 0 ).
Initially, for small C2 ? the coronal field is divided into three distinct connectivity re­
gions by the independent fan surfaces of the two photospheric nulls, which close over the 
individual flux concentrations of the emerging field. As €2 increases, these fan surfaces 
expand and for a critical value of €2 , which will depend on 62 , they will meet a t the origin 
in this centro-symmetric case. The moment of meeting of the independent fan surfaces is 
equivalent to the moment of null coalescence in the previous colinear case, except th a t it
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is the fan surfaces alone which meet rather than the nulls themselves.
Any further increase of cg sees the formation of a separator field line which arches out 
of the photospheric plane and connects the two null points. This separator field line lies 
in both fan surfaces and represents their m utual intersection. It is the  equivalent of the 
null line in the colinear case. Also, with the birth of this separator, the  coronal volume is 
now split into four topologically distinct regions rather than ju st three. The separator lies 
a t the intersection of all four regions and for this reason is often regarded as a  favoured 
site for coronal reconnection.
It is maybe worth noting here a fundamental difference between this evolution and 
th a t of the three source field of Section 2.4.2(i). For the four source case the distinct 
separatrix  surfaces physically intersect one another in the separator field line, and the 
topological structure of the field is altered. In the case of the three source field, however, 
the separatrix  surfaces, despite becoming pressed very close together, never intersect one 
another, except a t the moment of nesting, a t which point the spine curve of one null lies 
in the fan surface of the other.
As the internal bipole strength increases beyond the birth of the separator we may 
follow the separator height ju st as for the null line in the colinear case. This separator 
rise is plotted alongside the null line rise in figure 2.16a for various angles of It can 
be seen from these curves th a t, ju st as in the colinear case, 62 = 0 , given by the solid 
curve, the rise becomes very rapid as €2 approaches some asym ptotic limit. This limit 
again corresponds to  the flux of the emerging bipolar region bursting through the existing 
coronal field.
The separator rise is shown in Figure 2.16a for angles of 62 =  t t / 4 ,  t t / 2 ,  37 t / 4 ,  and tt , 
and it can be seen th a t for the angles 62 ~  t t / 4  (dotted) and t t / 2  (dashed), the asym ptotic 
rise of the separator occurs for a smaller value of €2 than the anti-parallel, colinear case 
02 =  0. Also shown, in Figure 2.16b, is a plot of separator height against internal bipole 
angle, ^2 , for a fixed value of eg =  1.6. This shows th a t an internal bipole angle of ^2 — /4  
leads to  a maximum height of the separator and we may expect th a t the emerging bipolar 
flux breaks through the overlying coronal field with greatest ease for this value of the 
internal angle.
Following the breakthrough of the newly emerged flux the coronal field is again re-
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F ig u re  2.17: General flux break-out of an emerging bipolar region, (a) The independent 
fan surfaces grow and (b) m eet in the photospheric plane, (c) A separator field line 
(dashed) rises as the internal bipole strength increases until (d) the internal field breaks 
through the existing field and the outer sources are no longer connected to  one another.
turned to three distinct connectivity regions, with the fan surfaces of the two nulls no 
longer intersecting one another and now closing over the external sources. This general 
evolution pattern  is displayed in Figure 2.17a-d. Starting from an initially weak bipolar 
field producing producing two distinct separatrix surfaces in (a), and progressing through 
the meeting of the surfaces in (b), the rise of the separator, (c), and the resultant field 
following the breakthrough of the internal flux in (d). In all cases the spine curve of each 
null is seen to connect to the like polarity sources of the internal and external flux regions, 
with the fan surfaces initially closing over the internal sources and finally closing over the 
outer. A plan view of the same evolution is also shown in Figure 2.18a-d, showing the 
spine curves and photospheric fan field lines. A few further photospheric field lines are 
also shown to  highlight the differing connectivity regions.
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Figure 2.18; The photospheric spine curves (thick) and séparatrices (dashed) are shown 
in plan view during the emerging flux break-out of Figure 2.17 to illustrate the changing 
connectivity.
The solid curve in Figure 2.16a, corresponding to the rise height of the null line in the 
anti-parallel case ^2 =  0 , is very similar to th a t of Syrovatskii (1982) who studied a similar 
evolution of an internal dipolar region emerging inside an existing bipolar field, generated 
by finite size sources. The rapid rise of the resulting null line, and the reconnection 
between the emerging and existing fields th a t is assumed to  take place a t its location, 
maybe related to rapidly rising loops th a t are observed with energy sources a t their 
summ its. We have shown here, by the curves of Figure 2.16a, th a t th is general scenario of 
accelerated flux breakthrough is not ju st limited to  the colinear case. Indeed, the process 
is enhanced for non-colinear sources, with the optimal internal angle being 62 tt/4 .
The one anomaly of Figure 2.16a is the curve corresponding to  62 =  tt . In this case 
the internal flux emerges parallel to  the existing field. It is found for this configuration
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F ig u re  2.19: Cross-sectional view of the parallel internal field topology, with the emerg­
ing flux confined beneath a common fan surface.
th a t the two nulls, lying along the %-axis, share the same fan surface, and the coronal 
volume is thus divided into just two distinct regions. The emerging flux can never break 
through the overlying field in this case, remaining confined beneath it for all values of eg, 
and the rise of the common fan surface is seen from Figure 2.16a to  be steady. A general 
cross-sectional view of this field topology is shown in Figure 2.19.
2.5.2 Separating Flux Break-Up
In this section we shall briefly examine one further four-source configuration in an a ttem pt 
to  model a  specific form of magnetic evolution. Zhang (1994) has studied a  feature 
term ed “ Incorporation of magnetic flux of the same polarity ” in which two distinct 
concentrations of flux, having the same polarity split through an intervening region of 
opposing polarity and merge together. A correlation is reported between m ajor X-ray 
flares and sites of this magnetic incorporation with a sufficiently strong field. This form 
of magnetic incorporation is briefly modelled as the break-up of the separating flux, using 
four magnetic sources. For simplicity we shall retain in this model our basic assumption 
of flux balance, together with a centro-symmetric source positioning (see Figure 2.20).
In order to model the break-up of the separating flux we shall s ta r t  with the sources cg 
and €3 both located a t the origin, i.e. rg =  0. Thus we initially have a colinear, balanced, 
three-source configuration with alternating polarity (see Sections 2.4.1(ii) and 2.4.1(iii)). 
We shall then move the central sources, 62 and €3 , apart along the y-axis, in order to  
represent the splitting of the intervening flux, and study the change in field structure  as
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Figure 2.20: General centro-symmetric source positioning for the separating flux break­
up model.
T2 increases (see Figure 2.20).
For simplicity let us assume th a t the central flux splits equally, i.e. set C2 =  €3 =  1. 
Flux balance Is now simply given by cq +   ^1 =  2, and any magnetic null points m ust lie 
on the æ-axis corresponding to the real roots of
-€o Cl 2r= + 0 . (2.64)( r 4 - l ) 2  ( r - l ) 2  +
In general there will be two nulls, one lying in the central region, close to  the  origin, 
and the other lying in either r  < — 1 or ?’ > 1 , depending on whether ci > cq or ci < cg, 
respectively. If we look for degeneracy of the nulls by studying A3 =  d B ^ /d z  =  0 we also 
require
^0 ---------?— _  _  0 , (2.65)Cl(r +  l )3 ( r - l )3 (r2 +  r^)&
and, by eliminating rg between Eqs.(2.64) and (2.65) together with the flux balance 
condition, we obtain
— 3r.2 /co_-_ci Co — Cl2  / + 3 - ( - y - l = 0 . (2 .66)
The one real root of this cubic in r will give the position of the null, located near the 
origin, a t the point of degeneracy. This point is found to be
r — — (co — €1) T  ( —€q€i)3 j^ ( —60)3 -f (Cl)aj (2.67)
and by substituting this into Eq.(2.65) the value of rg required for the null to become 
degenerate is given by
2 (r^ _  1):
co(r -  1)^ -  c i(r  -f-1)3 — r C2.68)
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Ju st as has already been seen in the previous sections, this moment of null-point degen­
eracy will correspond to  the moment of m ajor topological field reconstruction.
If we now look initially a t the simplest case of a purely symmetric field, by setting 
Co =  Cl =  1, we find from Eqs.(2.67) and (2.68) ju st one null point, situated a t the origin, 
and becoming degenerate for 7*2  ^ =  1. Thus, as may be expected for this symm etric case, 
the topological features of the field change when the central sources (c2 and €3 ) become 
further from the origin than  the fixed pair (co and ci). The evolution is shown in Figure 
2.21 (a-f), with Figures (a), (c) and (e) giving a general view of the field together with 
the photospheric polarity inversion line (IL) and (b), (d) and (f) showing field lines in the 
æz-plane only.
We see from the IL in Figure 2.21a, shown as a dashed curve, th a t the sources cq and 
Cl are initially separated by the central flux, and the null a t the origin is of positive type 
(Priest & Titov 1995) with its fan surface in the a:z-plane. As V2 increases, the null point 
becomes more and more improper (see Parnell et al 1995) and the fan surface closes up 
along the z-axis until, a t the moment of degeneracy [t2 =  V2  ^ ~  1) the IL is seen to  meet 
a t the origin (Figures 2.21c and d). The fan surface has now completely closed up onto 
the z-axis and a vertical null line is formed. In plan view this field would ju st have the 
structure  of an X-type neutral point with separatrix field lines lying along the x- and 
ÿ-axes.
W ith continuing outward motion of the sources cg and C3 the IL is seen to  change 
orientation (Figure 2 .2 le) with the moving sources now separated by the flux from the 
stationary  pair. The null line then vanishes and the fan surface of an improper null 
appears once again. The null point has, however, changed from positive to  negative type 
and the fan surface now lies in the i/z-plane rather than the a;z-plane. W ith the null line 
form ation and subsequent change in separatrix surface orientation occurring a t the  same 
moment as the  change in connectivity of the IL, this structural change is identified as the 
moment of break-up of the separating flux.
A similar evolution is also found if we remove the symm etry along the œ-axis. For 
example. Figures 2.22a-f show the evolution of a similar field, but with Cq =  1 5  and 
Cl =  0.5 giving an asymm etry in the fixed source strengths. We now find two nulls on the 
cc-axis, given by the roots of Eq.(2.64), and for a value of rg <  the general topology
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Figure 2,21: Break-up of separating flux in a purely symmetric field, (a) and (b) A 
null of positive type with a fan in the æz-plane evolves into a null line, (c) and (d), along 
the z-axis when ?’2 =  ^2 .^ This null line collapses (e) and (f) to form a negative null 
at the origin with a fan in the ^z-plane as the break-up of the separating flux occurs. 
In (a), (c) and (e) field lines are only drawn along the positive portions of the x- and 
y-axes for clarity.
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is shown in Figure 2.22a and b. The central null is seen to  have a fan surface in the 
æz-plane, with the fan surface of the outer null being normal to  the  æ-axis and closing 
over the weaker source, €i. Thus the two fan surfaces intersect in a common field line, or 
separator, which connects the two null points and is shown as the dashed curve in Figure 
2.22b. The sources eo and ci are again seen from the IL to be initially separated by the 
central flux.
As f 2 increases towards the critical value r 2 ,^ given by Eq.(2.68), the fan surfaces are 
seen to  close up along the separator field line as the nulls become more and more improper 
in nature. The field just prior to  degeneracy is shown in Figure 2.22c and d to dem onstrate 
this improper nature of the nulls, and although only field lines in the  fan surface of the 
internal null are shown in these figures, a similar behaviour is simultaneously exhibited 
a t the outer null. W hen ?'% reaches the critical value (rg =  rg^) the  field vanishes all 
along the separator and hence it becomes a null line. This is ju st as for the previous 
symmetric case, although now the null line is of finite length, beginning and ending a t 
the photospheric plane.
Once again, a t this moment of degeneracy of the internal null, the IL changes form 
and the sources eg and €3 now become separated as the break-up takes place. Figures 
2 .2 2 e and f show the resulting field following the break-up. Ju st as found in the symmetric 
case, the nulls have changed both their type and their orientation. The internal null has 
evolved from positive to  negative type, with its fan surface switching from the æz-plane 
to  being normal to  the .T-axis, and vice versa for the outer null.
Throughout this evolution the coronal volume has remained split into four connectivity 
regions by the two intersecting fan surfaces, with the separator lying a t the intersection of 
these four regions. The changing of nulls leads to a reversal of the magnetic field direction 
along the separator as the break-up of the separating fiux takes place. The flares found 
by Zhang (1994), and related to  incorporating magnetic fields, appear to  be located a t 
the  centre of the fiux break-up site. It is therefore possible th a t magnetic reconnection 
occurring in the region of the separator field line during this separating flux break-up will 
provide the required flare energy.
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F ig u re  2.22: Break-up of the separating flux in an asym m etric field, (a) and (b) A 
positive central null is connected to a negative outer null by a  separator field line (dashed 
in (b)). The fan surfaces close up along the separator , (c) and (d), as rg approaches 
r 2 d and after a becoming a null line in the lim it rg =  the field along the separator 
reverses as the break-up takes place and the nulls switch type, (e) and (f).
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2.6  Sum m ary and D iscussion
The magnetic field of the solar corona has as its sources many discrete magnetic flux 
elements of high intensity in the photosphere, clustering especially around the edges of 
supergranule cells. These sources are continually moving and causing the coronal field to  
evolve slowly through a series of highly complex equilibria. The skeleton of this coronal 
field consists of three-dimensional null points and a network of spine curves and separatrix 
fan surfaces, which are the most im portant features for understanding the topology of the 
complex field. In this chapter we have studied the skeletons th a t are produced by two, 
three and four flux sources with a view to uncovering some of the general properties and 
building blocks of a complex three-dimensional field generated by magnetic sources.
For two unbalanced sources, the skeleton consists simply of a null point, a spine curve 
(which s ta rts  a t the weaker source, passes through the null and ends a t infinity), and a 
separatrix  fan surface which passes through the stronger source and the null point and 
separates the coronal volume into two regions of distinct magnetic connectivity.
The overall behaviour of the three-source fields is more involved. W hether the source 
arrangem ent is linear or not, the general skeleton of the magnetic field generated by the 
three flux concentrations usually consists of two null points and two distinct fan surfaces. 
These fan surfaces may be either independent or nested (one inside the other) depending 
on the relative source strengths and positions. In following the evolution of the field due 
to  the varying of either the strengths or positions of the sources, the field will generally 
restructure itself smoothly from an independent to  a  nested configuration, or vice-versa. 
During this, the fan surfaces remain distinct although they may become increasingly 
pressed together during the evolution. In the course of switching from independent to  
nested surfaces the spine of one null intersects the fan of the other and thus directly 
connects the two nulls by a field line in the photospheric plane. Throughout this evolution 
the coronal volume remains split into three regions of distinct connectivity.
There are ju st two exceptions to  this basic picture and in these cases the field undergoes 
a more drastic restructuring. The first occurs in the special case of colinear sources 
(Section 2.4.1(ii)). W hen the relative source strengths reach a critical ratio, given by 
Eqs.(2.46) and (2.47) and Figure 2.8, the two colinear null points coalesce and form a 
neutral line which arcs out of the photospheric plane. The spine curves of the infinite
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number of adjacent null points making up the null line now also form a magnetic surface, 
and in this instance the coronal field is separated into four distinct regions of magnetic 
connectivity.
The second exception (Section 2.4.2(ii)) arises when the non-colinear field configura­
tion is symmetric (or almost symmetric) about one axis. In this instance the restructuring 
of a field with initially independent fan surfaces proceeds via the form ation of two new 
nulls along the symm etry axis. Thus the field briefly contains four null points, three of 
which then coalesce to  leave the field with again just two nulls. Both the new nulls formed 
in this evolution lie in the photospheric plane, however, and whilst the coronal field takes 
on an interesting structure during this transition the volume remains split into ju st three 
distinct connectivity regions.
For a field generated by four magnetic flux sources the range of possible configurations 
is great and we have considered only two particular cases in this work. We have seen, 
however, th a t the evolution of the field may be very different from th a t of the two and 
three-source fields. We find distinct separatrix fan surfaces intersecting each other in 
separator field lines and changing the connectivity of the coronal volume. This is in 
contrast to the three-source field evolution described above where the separatrix  surfaces 
merely press together and do not intersect each other. We have also shown here how 
an internal emerging bipolar flux region can rapidly break through the overlying coronal 
field, with an optim al internal angle of approximately 62 — tt/ 4 .  Furtherm ore, we have 
seen how the evolution of the basic topological structures described here may be used to  
model in a simple way the break-up of a flux region which separates fluxes of like polarity.
Several features of these flux systems need to  be studied further in future work. In 
general non-potential flux systems contain magnetic helicity, both internal (twist) helicity 
and mutual (braiding) helicity, which is conserved to  a high degree of approxim ation 
during the magnetic reconnection process. It would be intersesting, therefore, to set up 
similar complex force-free equilibria and understand how they evolve whilst conserving 
their global helicity.
Another issue is the nature of three-dimensional reconnection. A general framework 
for such reconnection has been set up by Schindler et al (1988) and two particular types 
have been studied in detail. In the first there are no null points and the topology is simple.
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with reconnection occurring in quasi-separatrix layers where the field line m apping has 
large gradients (Priest & Démoulin 1995). In the second case, three different ways of 
reconnection occurring a t null points have been identified, namely spine reconnection, 
fan reconnection and separator reconnection, where the current concentration and field 
line slippage are focused along the spine, the fan and the separator, respectively (Priest 
& Titov 1995). However, the analysis of reconnection a t null points has so far mainly 
focused on the relatively local behaviour near the null point, and we may ask w hat are 
the consequences for the global topological structures discussed here?
For two unbalanced sources or three balanced sources the am ount of fiux contained 
by each separatrix is constant, independent of the source positions. Thus magnetic re­
connection would involve the change of connectivity of particular field lines but with no 
net transfer of flux across the séparatrices. By comparison, for three unbalanced sources 
or four or more balanced sources, the types of topology are more diverse and the flux 
bounded by the séparatrices can change as the sources move. It may be interesting to  
explore such processes in more detail in future.
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C hapter 3
B a sic  T opologica l E lem en ts o f  
C oronal M agn etic  F ields
3.1 In troduction
In the previous chapter we have studied the varying topologies of fields produced by 
combinations of 2, 3, and 4 point sources of magnetic flux, which we have used to  model 
the concentrated regions of flux seen a t the photospheric surface. The coronal volume 
above the planar surface is divided into regions of distinct magnetic connectivity by the 
fan surfaces associated with the null points produced by these fields, and these nulls all 
lie in the source plane. The concentrations of flux observed a t the  solar surface will 
naturally, however, have a finite area and thus their modelling by point sources located 
a t the surface will not give realistic surface flux contours.
A more realistic photospheric flux contour map may be generated by moving the 
sources a small but finite distance below the plane. This approach has been used, with 
a good deal of success, by several authors in attem pts to  model observed photospheric 
flux contours (e.g. Démoulin et al 1992 and 1994, M andrini et al 1991). As in the 
previous chapter, we are interested in establishing the field topology since it is topological 
différences in the field which are likely to  be a key factor in determining the behaviour 
of the corona in response to  plasma motions and instabilities (Berger 1991). W ith the 
introduction of sub-photospheric sources, the vertical component of the field no longer 
autom atically vanishes on the photospheric plane, and this introduces a new class of field
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lines which would appear to  be of very general significance. This new class involves coronal 
field lines which tangentially graze the much denser photospheric surface before returning 
upwards into the corona. This usually occurs a t segments of the polarity inversion line 
(IL), and the im portance of these segments for a topological analysis of coronal magnetic 
fields was first recognised by Seehafer (1986).
We shall call such segments ‘Bald Patches’ (B P’s) following the notation of Titov et al 
(1993). The field lines passing through a BP form a separatrix surface, which separates the 
coronal field into regions of differing magnetic connectivity (see Figure 3.1b). It has been 
shown th a t, in the vicinity of a BP, shearing motions of the footpoints of a magnetic field, 
anchored a t the photosphere, will cause the necessary formation of a  current sheet along 
the associated separatrix  surface (Low 1992, Low & Wolfson 1988, Wolfson 1989, Vekstein 
& Priest 1992, Billinghurst et al 1993). Thus the separatrix surfaces associated with B P ’s 
are possible sites for magnetic reconnection and the release of stored magnetic energy in 
the corona, ju st as were the null point separatrix fan surfaces of the previous chapter. It 
seems worthwhile, therefore, to  determine the conditions under which a gradual evolution 
of equilibrium magnetic configurations in the corona leads to  the appearance of B P ’s. The 
first study of this kind was made by Titov et al (1993) where they derived a general local 
criterion for the existence of B P ’s in a given magnetic configuration. Also they found th a t 
a  BP appears a t the central location of both potential and force-free fields, generated by 
a centro-symmetric arrangem ent of four sub-photospheric magnetic sources, and it exists 
over a  wide range of param eters. In this chapter we shall see th a t B P ’s exist for a  wide 
range of conditions in even simpler configurations than those previously studied by Titov 
et al (1993).
We shall also deal in this chapter with the concept of a ‘separator’, as already described 
in C hapter 2.5.1. Over recent years several studies have been made by various authors 
into likely sites for coronal reconnection based on this concept (e.g. Baum & Bratentahl 
1980, Gorbachev & Somov 1988, Lau & Finn 1990, M andrini et al 1991). A separator is 
defined as a field line representing the intersection of two distinct separatrix  surfaces and 
is assumed to be a favourable site for current sheet formation in response to changes of 
boundary conditions. The separatrix surfaces intersecting a t the separator separate the 
corona into regions of diflfering field line connectivity, and this serves as a characteristic
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property of the separator distinguishing it from the other field lines. When modelling 
the coronal field with a number of discrete sources of magnetic flux placed below the 
photospheric boundary, however, the connectivity of the field has been determined in 
previous works by the discrete magnetic sources a t either end of a given field line. So, 
locating the separatrix  surfaces and hence the separator has required the tracing of coronal 
field lines back to their sub-photospheric sources. This sub-photospheric extrapolation 
is, however, not strictly valid since the force-free assumptions made about the coronal 
field will no longer hold in the much denser photosphere. These circumstances indicate 
th a t such an approach to  determining the separator and separatrix surfaces is not self- 
consistent.
We shall show in this chapter th a t there is no need to search for a jum p in magnetic 
connectivity (as in, say. Démoulin et al 1992) in order to find which field line belongs to  a 
separatrix  surface. The effect of such a jum p is purely local and in general is completely 
determined by the presence of magnetic nulls in the configuration and B P ’s on the polarity 
inversion line (IL).
3,2 B as ic E lem ents o f  Separatrix Surfaces in M agn etic  C on­
figurations
Any magnetic field line for a  given field B (r)  can be represented by a solution of the 
following system of ordinary differential equations:
£ = Iwl’ (3 1)
where 5 is a natural param eter or the length of this line and r  =  ( x ,y ,z )  is a radius 
vector. Let ro be its initial value corresponding to g == 0, then, according to  the  well- 
known theorem about a continuous dependence on the initial conditions (see, e.g., Arnol’d 
1992), each solution r(s ,ro )  of Eq.(3.1) has a continuous and smooth dependence on fq 
if the right-hand side of Eq.(3.1) is a smooth function.
Consider now the implications of this theorem for a topological analysis of coronal 
magnetic configurations. Mostly we are interested in closed-field regions of a  magnetic 
configuration where the field lines connect positive and negative polarity regions of the 
photospheric surface. The example of such a line is schematically shown in Figure 3.1a.
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F ig u re  3.1: Three different m agnetic topologies, (a) shows a field with no disconti­
nuities in footpoint connectivity, whilst (b) and (c) illustrate the jum ps in footpoint 
connectivity caused by a BP and a null point respectively.
The magnetic field differs from zero everywhere along the shown field line which lies 
strictly  above the photosphere, so th a t the above theorem enables us to claim th a t the 
closer the footpoints of neighbouring field lines to the footpoint of the considered line a t 
the positive polarity, the nearer the corresponding footpoints are a t the negative polarity. 
Thus every ‘norm al’ field line is surrounded by a bunch of the field lines characterized by 
continuous changes of the footpoint connectivity when passing from one line to  another.
It is not the case, however, if the field lines touch the photosphere as in Figure 3.1b 
at some part of the IL (called a BP). There is a finite jum p of footpoint connectivity in 
the neighbourhood of these lines, since the lower lines (with respect to the touching lines) 
are cut off earlier than  the higher ones by the photospheric plane when moving along the 
lines towards the BP. It is obvious, however, th a t this feature does not contradict the 
above theorem, since the theorem refers only to the unbounded space.
The second opportunity for a discontinuous behaviour of footpoint connectivity is due 
to  the possible presence of null points in the field, i.e. the points f n  such th a t B ( f n ) =  0.
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The right-hand side of Eq.(3.1) a t these points becomes singular, so the above theorem 
is no longer applicable in the neighbourhood of the field line containing a null point. The 
field line a t such a point bifurcates on several field lines, thereby causing a jum p in the 
footpoint connectivity of the neighbouring field lines. This effect is illustrated on Figure 
3.1c for a two-dimensional null point. A three-dimensional null point causes even more 
drastic effects, since the field line containing such a point bifurcates there on an infinite 
number of field lines.
Thus, we arrive a t a very simple result: the regions with different footpoint connectivity 
in coronal magnetic configurations are separated from each other by separatrix surfaces 
consisting of the field lines which Hhread’ the B P ’s and the null points located above the 
photosphere. For brevity we shall call such a set of separatrix surfaces ‘the topological 
skeleton’ (TS) of the configuration.
This result, in spite of its simplicity, has a number of im portant consequences. Firstly, 
to  determine the TS of a given configuration, one needs only to find B P ’s, magnetic nulls 
and several field lines passing through them  as will be done below. This is a much easier 
task  than th a t undertaken in a series of papers (Mandrini et al. 1991, Démoulin et al 
1992, M andrini et al 1993) and based on a ‘shooting m ethod’ in which a numerically 
integrated field line is considered to belong to the TS if it suddenly ‘switches’ from one 
sub-photospheric magnetic source to another.
Second, in many cases this ‘shooting’ method must lead to  ‘parasitic’ separatrix  sur­
faces because of the possible presence of sub-photospheric null points in the configuration, 
namely since the presence of magnetic nulls causes such a ‘switching’ of field lines. Also 
the separatrix  surfaces due to the possible presence of B P’s are overlooked by this m ethod 
if one seeks only this ‘switching’.
Finally, a self-consistent determ ination of a separator may be achieved only if one 
or two null points are located above or on the photospheric surface and belong to the 
separator, since only their presence gives a sense to this concept — in the absence of nulls 
and B P ’s there is nothing th a t could cause a jum p in field line connectivity and thereby 
reveal the separator or its analogue. So any definition of a separator in the spirit of 
the above-mentioned works and which is connected with an extrapolation of the coronal 
field below the photospheric surface (to find such nulls and hence the separator) is not
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satisfactory, because the force-free or potential approximation for the magnetic field is no 
longer applicable in the much denser photospheric plasma.
3.3 Source M od el o f  M agn etic  C onfigurations
Bald patches necessarily lie on a polarity inversion line (IL) since they are regions where 
the field is tangential to  the photospheric boundary. For regions of the  IL where coronal 
field lines touch the photosphere and return upwards into the corona we clearly require 
the field line concavity to  be directed upwards, i.e. the normal component of the magnetic 
tension force evaluated a t the IL must be positive. Thus
(B ■ V)Bg |iL> 0, (3.2)
where Bz is the  field component normal to  the photosphere. This result can be rew ritten 
as
(B h • Vh)J3z |iL >  0, (3.3)
where h labels the horizontal components of both B and V. This result implies th a t 
the horizontal field a t a BP is reversed, being directed from negative to  positive polarity 
(Titov et al 1993), as was previously noted by Seehafer (1986) in his topological analysis 
of some numerically extrapolated active region magnetic fields. Thus, in order to  find the 
location of a BP in a given magnetic configuration we simply need to  apply Eq.(3.3) to  
points along the photospheric IL.
In general then, this is mainly a com putational problem. Using observational magne- 
togram  data , an extrapolation proceedure may be applied to  generate a coronal magnetic 
field and BP regions may be found by applying Eq.(3.1). As mentioned in C hapter 1.3, the 
180° ambiguity in the transverse field component of magnetogram  d a ta  usually hampers 
such extrapolations. If, however, the transverse field direction is simply followed w ithout 
sign and places where the transverse component becomes tangential to  the  IL are looked 
for (Low 1982), it is still possible to  locate BP regions as they will occur between two 
such points (Titov et al 1993).
We shall continue here, as in the previous chapter, to  model the field using a number 
of discrete magnetic sources and which are now located below the photospheric plane
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z  =  0. The field is given by
n
B — ^  ] B; (rn ~ rni, z  T  d^), (3.4)
i=l
where n  is the number of sources, =  {x{, yi) represents their positions in the horizontal 
(æ ,2/)-plane placed a t a depth di below the photosphere and the function determines 
the magnetic field generated by the «-th source a t the point r  =  (rn, z). The form of this 
function will depend on which approximation, potential or const ant-ci force-free, is used 
for the field.
In any case, the equation
n
X ^^zi(riî -  di) = 0 (3.5)
i= l
determines implicitly the IL in such a configuration. The depths d{ are of the order of the 
spot sizes, which are often much less than  the distances between the neighbouring spots, 
i.e.
d{ <C |Uhj I’hih (3.6)
where r^j denotes the positions of the neighbouring spots in the horizontal plane. So in
this case there is a  wide range of for which d{ may be considered to  be small and hence
we can expand Eq.(3.5) by this small value to obtain the IL equation for a configuration 
with quasi-coplanar sources
n r\ D
“  rhi,0) =  0. (3.7)
Here we introduce the dimensionless param eter
d-di  — ~ , djjiixi —min {d j} , (3.8)
Umin i—l ,n
which represents the relative weight with which the %-th source influences the IL shape 
determined approximately by Eq.(3.7).
If the sources have approximately the same size, i.e. ^ ^ 1 ,  %= l,?i, then Eq.(3.7) 
becomes equal simply to
- r w ,0 )  =  0. (3.9)
i = i
We shall call the photospheric line given by this equation the discriminant line (DL). It 
gives the limiting case of the IL when all of the charges lie in the photospheric plane. It 
will be shown below th a t this DL together with the IL, given by Eq.(3.7), separates in 
the photospheric plane the region of coronal nulls.
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13 .4  N u lls  in a Q uasi-C oplanar Source M od el
If the  magnetic sources are located near the photospheric plane .s; =  0, as was considered 
in the  previous section, then one can expect th a t most of the magnetic null points are 
also in or near this plane. Recall now from Chapter 2.2 th a t the field in the vicinity 
of a  null may be given to  first order by Eq.(2.1), and we may determine the orthogonal 
eigenvectors of the m atrix B (Eq.(2.2)) for sources lying in the photospheric plane, z =  0. 
These eigenvectors, given by Eq.(2.20), are the zeroth-order approxim ation relative to  di 
and give two separatrix field lines lying in the photospheric plane together with the nulls 
whilst the third separatrix  field line is perpedicular to this plane.
At the next order in di we have a displacement of nulls proportional to  d*. As follows 
from the discussion in section 3.2, it is im portant to  know when these nulls will displace 
upwards into the corona. To consider this question, denote the position th a t we have 
for a null in the zeroth-order approximation by fn  =  (fhnj 0), and the corresponding 
displacement a t first order by A fn  =  (AF^N, so th a t
B ( fn) =  y iB*(FkN -  fht, 0) =  0 (3.10)
and
[(^riiN • VhN)Bi(FhN -  riii, 0)-b (3.11)
=  0 ,
where V hn means differentiation with respect to  fhn- The first and the second equations 
here determine, respectively, F^N and zIfn . Notice th a t
J5zi(FhN — rhi, 0) =  0 , (3.12)
since the left-hand side of Eq.(3.12) represents the z-component of the  field generated by 
the 2-th  source in (FhN, 0), i.e. in the point of the same plane where this source is located. 
So in taking the z-component of Eq.(3.11), the first term  vanishes for each i and we can 
easily find from there the desired result
dmin ~  D it , 0)
A zn  = ------------------- • (3.13)
è  -  rhn 0)
2 =  1
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F ig u re  3.2: The projections s' and n ' of the source, s, and null, n, respectively, when 
they are (a) separated and (b) not separated by the line L in the photospheric plane.
(c) A coronal null, n, is always separated from all the sources (e.g. s i  and s2) by the 
inversion (IL) and discrim inant (DL) lines.
This expression adm its a very simple interpretation: the num erator and denominator 
here are, respectively, the z-component of the magnetic field a t the first order in d{ and 
its gradient in zeroth-order, both determined a t the photospheric plane. It is clearly 
seen from Eq.(3.13) th a t > 0 if these two values have opposite signs and Azi^ < 0 
provided the signs are identical.
The first case is the most interesting, since in this case the null tu rns out be situated 
in the corona and so becomes part of the TS of the coronal magnetic configuration. The 
sub-photospheric null together with the corresponding separatrix surfaces obtained in the 
second case may not be included in the TS, since the approximation used for the field fails 
below the photosphere and therefore the presence of such a null is probably an arterfact. 
Although knowledge of the movement of these nulls during an evolution of the studied 
configuration may be useful, especially if as a result of this movement the num erator or the 
denom inator in Eq.(3.13) changes its sign. This may happen when the sub-photospheric 
null crosses the IL or the DL defined, respectively, by the formulae Eq.(3.7) and Eq.(3.9), 
which determine a t the same tim e the lines of vanishing num erator and denom inator in 
Eq.(3.13). Therefore such a movement leads to the appearance of the nulls above the 
photosphere, since it is accompanied by a change in sign of
Let us now deduce the criterion for identifying coronal nulls near the photospheric
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plane in the above model. We shall say th a t a null is separated from a source by the 
IL (DL) if it is not possible to  connect the projections of the null and source onto the 
photospheric plane by a line in this plane without crossing the IL (DL) (see Figures 3.2a 
and 3.2b). It is clear then th a t for a given null point the signs of the num erator and 
denom inator in Eq.(3.13) are given by the signs of the sources which are not separated 
from the null by the IL and DL, respectively. Thus, we obtain a  very simple criterion 
for coronal nulls: a null point, situated near the photospheric plane in a quasi-coplanar 
source model, is located above the photosphere i f  it is separated from  all the sources by the 
inversion and d iscriminant lines (see Figure 3.2c).
3.5 P o ten tia l F ields
We shall s ta r t in the simplest case by modelling the coronal held using a hnite number of 
discrete potential magnetic sources, located below the photospheric plane z  = 0. In this 
case the magnetic held a t any location (r) is given by
B = (314)i=i I ^
where is the position of the magnetic source €{ and n is simply the number of sources .
3 .5 .1  T w o  U n e q u a l M a g n e t ic  S o u r c e s
Consider hrst the simplest conhguration of interest, given by ju st two sources of unequal 
strength  and opposite polarity. This held may for example represent the localised held of 
a proceeding and following sunspot pair. W ithout loss of generality we may hx the h rst 
source (ei) a t r i  — (0,0, —di) and the second (eg) a t rg — («,0, —dg). Let the ratio of the 
source strengths be eg/ei =  —c (see Chapter 2.3). The vertical component of this held is 
now given by
^  _  € i(z  + di) I________ eg(z-l-dg)
+  ( z  +  d i ) ^ ] #  [(a; -  a )2  +  ^2 ^  ( 2; + d g ) 2 ] l
The polarity inversion line a t the photosphere is simply found by setting Bz = 0 on z  = 0 
which gives a circle,
X  — (1 -& )
2  {6^ -  k) 2+ 1^ (3.16)
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F ig u re  3.3: (a) The variation of the centre of the circular IL w ith source strength  
ratio  for various values of the depth ratio  S. Values of 6  =  1.0, 0.8, 0.6, and 0.4 are 
represented by the solid, dotted , dashed, and the dot-dashed curves, respectively, (b) 
The change in IL radius with strength ratio  for the same values of 6  as in (a) bu t with 
a  fixed lower depth of di =  0 .1 .
where k = |(e2cJ2)/(eidi)|3 =  (e<5)t and S = d2/d i .  This circle is centred on 
a / ( l  ~  A;), 2/c =  0 and has a radius given by
ko?R (1 -  k y  (1 -  k) '
The variation of the centre, Xc, with the source strength ratio e is shown in Figure 
3.3a for differing values of the source depth ratio, 6, The four curves correspond to  values 
of ^ =  1.0, 0.8, 0.6, and 0.4, respectively, thus representing in the case ^ =  1 the position 
of the centre of the IL when the two sources have the same depth, and in the remaining 
cases the effect of decreasing the depth, c?2 , of the second source. Figure 3.3b shows the 
corresponding variation of the IL radius with strength ratio, €, for the same values of the 
depth ratio, 6, as in 3.3a. These curves are plotted for a fixed initial depth of di =  0.1. 
Thus it can be seen th a t as the depth c?2 decreases (from 0.1 to 0.04) the radius of the 
IL decreases. The discriminant line, DL, as defined previously in section 3.3 is simply 
given by the IL in the limiting case of both sources lying in the photospheric plane (i.e. 
di = d2 0). Since, as can be seen from Figures 3.3a and 3.3b, the position of the  centre 
of the IL and its radius decrease as the sources are moved out of the same horizontal
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F ig u re  3.4: Topological features produced by two unequal sources of opposite polarity  
placed a t equal depths, (a) The topological skeleton, w ith the two sources producing 
a  null point in the photospheric source plane. The circular IL is shown as the dotted  
photospheric curve, (b) The variation in size of the BP (region of the IL satisfying 
Eq,(3.3)) w ith distance from the horizontal source plane.
plane (i.e. as 8 decreases from 1 ) the IL will always be encircled by the DL in this simple 
two-source model.
Applying the BP criterion, Eq.(3.3), to Eq.(3.16) we find the existence of a BP covering 
a significant portion of this circular IL. In the special case of coplanar sources (i.e. di — cfg) 
the BP covers exactly half of the IL, having end points at (a^ c, 0). The B P ’s are found
then to  have a position and size th a t are on a scale comparable to  the separation length 
scale, a, of the sources, and which depend on the source strength ratio, e, the source 
depths, and the horizontal separation of the sources. Variations in source separation and 
source strength, however, eflfect both the size and shape of the BP in a similar manner, 
and thus for a topological study we may effectively fix the source separation, a, and simply 
look a t the variation with strength ratio, e. The main features of this simple two-source 
topology are dem onstrated in Figures 3.4, 3.5, 3.6 and 3.7.
The topological skeleton (TS) of the magnetic configuration is shown in Figure 3.4a, 
for a value of € =  0.5, in the limiting case when the sources both lie in the photospheric 
plane, z  = 0. The two sources a t a; =  0 and æ =  1 can be seen to produce a magnetic 
null point in the source plane, as an intersection of three separatrix  field lines. This 
case is ju s t th a t of the two-source field considered in Chapter 2.3 (c.f. Figure 2.4b).The
0.5
Figure 3.5: The coronal separatrix surface formed by field lines threading a BP, viewed 
from different angles in (a) and (b), produced by sources of strength ratio e — 0.5 at 
equal depth, d]_ =  c?2 =  0.5.
IL (equal to  the DL in this limiting case) is shown to encircle the weaker source and 
the null point. In this limiting case separatrix held lines threading the null point will 
form a separatrix surface and constitute the TS of the coronal held along with the null 
point itself. For cases where the sources are located a t the same hnite depth below the 
photospheric plane, the null point, which remains in the source plane, will not be present 
in the coronal held and the TS will then consist of held lines threading the corresponding 
BP which is found in the null’s absence. Figure 3.4b shows the variation of the BP size 
with distance from the horizontal source plane. A selection of the held lines threading 
the BP and forming the separatrix surface in the coronal held are plotted in Figure 3.5, 
seen in differing projections in (a) and (b).
As is seen from Figure 3.4a, the IL initially encircles the horizontal positions of both 
the weaker source and the null point. However, we hnd from Figure 3.3 th a t as the source 
depths become unequal the IL shrinks in size and the BP covering part of the IL is found 
to  shrink also. W hilst it will always encircle the horizontal position of the weaker source, 
as the depth c?2 is decreased with di held hxed, there exists a  critical value of the depth 
ratio, 6c, for which the horizontal position of the null point is no longer enclosed by the 
IL. A t this moment the size of the  BP region shrinks to zero and the sign of the num erator 
in Eq.(3.13) changes. The sign of A z ^  thus changes and leads to  the emergence of the
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Figure 3.6: The shrinkage of the IL (dashed curves) and BP (solid curves) with de­
creasing depth c?2- The outer curve corresponds to equal source depths d\ =  dg, with 
the curves decreasing as 8 decreases from 1.0 to 0.5 in steps of 0.1. The IL crosses the 
horizontal position of the null (marked as a +) when 6 = 6c signifying the emergence 
of the null point into the coronal field.
null point above the photospheric plane. This is dem onstrated in Figure 3.6, which shows 
the IL, and corresponding BP, decreasing as the depth dg decreases for a fixed strength  
ratio. The horizontal position of the null is also shown.
As the coronal field evolves then, due to  the rising of the weaker magnetic source, the 
BP is seen to shrink and eventually disappear with a coronal null point emerging in its 
place. The TS of the coronal held smoothly evolves from consisting of held lines threading 
the BP to held lines threading the newly emerged null, A selection of held lines making 
up the TS in each of these states is shown in Figures 3.7a and 3.7b. It is interesting to 
observe from Figures 3.5 and 3.7a tha t, as the BP shrinks, held lines threading it become 
more concentrated along the direction of the  spine of the null point as it approaches the 
surface.
It should be noted th a t the B P ’s found in this simple arrangem ent lie outside the 
two magnetic hux sources. As the strength ratio, e, tends to  unity, which may be the 
case in a h rst approxim ate model of a simple active region, this BP m igrates away from 
the source location. The held lines threading the BP and forming the coronal separatrix  
surface, however, remain rooted a t the photosphere within the source region. Hence 
any effects of current build up along the separatrix surface may still occur w ithin the 
active region. These external B P ’s may also provide locations for the  form ation of inverse
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F ig u re  3.7: Evolution of the coronal field. Field lines forming the coronal separatrix  
surface are shown as the BP with b =  0.6, (a), is replaced by the null point with b =  0.4,
(b).
polarity prominences witnessed around the edges of active regions (Leroy 1989).
3 .5 .2  T h r e e  U n e q u a l M a g n e tic  S o u rces
Let us now consider the addition of a third source of magnetic flux. We shall s ta rt, for 
simplicity, by assuming a symmetrical arrangement with sources eg and eg being of equal 
strength and polarity, and equidistant from the opposite polarity source (ei) which we 
shall keep fixed a t r i  =  (0 ,0 ,—di), see Figure 3.8. This is similar to the arrangem ent 
studied in Chapter 2.4.2.
The equation of the photospheric IL in this case is given by
di Wg ccfa+ . (3.17)[a; 2  +  gj2 j 2 [(a; _  y 2  _|_ ^ 2 j 2 [{x  — a c o s O y { y a s m O ) " ^ d l ] ^
The shape of this IL and the corresponding BP, which may be found by applying Eq.(3.3), 
are effectively determined by the source depths and strengths, as in the two-source case.
If the source depths are equal {di = d,2 = dg) then the variation of the IL and BP 
shape and size with distance from the source plane may be plotted, as in Figure 3.9a, 
for a given constant value of e. Similar shaped IL’s and B P ’s are produced if c is varied 
for a fixed source depth. It is found then th a t if the depth of the sources is sufficiently 
great or the ratio of the weaker sources to the dominant source is sufficiently small, the
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Figure 3.8: Symmetric planar arrangement of three sources with the two like-polarity 
sources equidistant from the opposite polarity source at the origin.
0.0
Figure 3.9: ‘Bald Patches’ produced by the coplanar, symmetrical three source arrange­
ment of Figure 3.8 with Q — tt/2. (a) shows the variation of the IL and corresponding 
BP with distance from the source plane, whilst (b) shows field lines forming the coronal 
TS in the case where d = 1.0 and e =  0.25
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IL will consist of two distinct closed curves each giving rise to  a separate BP. As the 
depths or angle of separation, of the symmetric sources decreases, or the strength  ratio 
6 increases, the separate sections of the IL merge (along with their respective B P ’s) to 
form a single structure.
In all of these cases of coplanar sources, any nulls produced in the magnetic field will 
lie in the source plane and hence below the photospheric surface. Thus in these cases the 
TS of the coronal field will be formed purely by field lines threading the BP. An example 
of such a TS is shown in Figure 3.9b, which traces the coronal separatrix  àurface formed 
by field lines threading two distinct BP regions.
The evolution of the coronal TS in response to  the rising of one or more of the sub- 
photospheric sources may now also be studied. For example, if the sources ei and €3 are 
fixed a t a depth di =  ds =  0.1 and the depth of source €2 is gradually decreased, whilst 
maintaining the same horizontal position, we may follow the resulting shrinkage of the 
photospheric IL and corresponding BP. This is shown in Figure 3.10 with the outer curve 
representing the DL and the subsequent curves plotting the IL, and corresponding BP, as 
d>2 is decreased in steps of 0.01. The horizontal positions of the two magnetic null points 
are also shown. As in the two-source case already studied, the photospheric BP is found 
to shrink away in the vicinity of the rising sub-photospheric null point and the moment 
a t which the IL crosses the null position marks the emergence of this null into the coronal 
field. The TS of the coronal field evolves continuously from purely BP threading field 
lines to a combination of BP and null point field lines. Figures 3.11a and 3.11b show this 
evolution of the coronal separatrix  surface by tracing a selection of field lines forming this 
surface in configurations ju st prior to, and ju st after, null point emergence, respectively.
Only symmetrical source strengths and arrangements have been mentioned thus far 
bu t the same general scenario is found in non-symmetric cases. For coplanar, sub- 
photospheric sources the topological skeleton of the coronal field consists of B P ’s and 
the field lines threading them . As the plane of the sources become non-horizontal, null 
points may be found to emerge into the coronal field whenever the photospheric IL crosses 
the horizontal position of th a t null. The separatrix surfaces of the coronal field evolve 
smoothly through this emergence.
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F ig u re  3.10: The shrinkage of the IL and BP due to  a three quasi-coplanar as 
decreases from  0.1 to 0.05.
F ig u re  3.11: Coronal features due to  three quasi-coplanar sources. A selection of 
field lines forming the coronal separatrix  surface are traced in (a) and (b) for values 
of e =  0.3, 6 — 7t/2, a  — d \  =  ~  0.1 and w ith dg =  0.065 and 0.05 in (a) and
(b), respectively. The separatrix  surface in (a) is due entirely to the BP, p a rt of which 
shrinks as the null emerges in (b).
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Figure 3.12: Planar arrangement of four centro-symmetric magnetic sources represent­
ing a main bipole (sources ei and eg) and a parasitic bipole (sources 63 and 64). The 
‘S’ shaped IL is also shown.
3 .5 .3  F ou r M a g n e t ic  S o u r c e s
The topological structure of a magnetic field generated by four sub-photospheric flux 
sources is not studied here in general term s. We consider only the special case of a 
centro-symmetric source arrangement, as previously used by Titov et al (1993), repre­
senting a main bipole and a parasitic bipole (Figure 3.12), and as considered in Chapter 
2.5.1. Using a similar source arrangement, Gorbachev & Somov (1988) studied the emer­
gence of a separator above the photospheric surface, and in C hapter 2.5.1 we have found 
this separator to rise rapidly as the internal bipole strength is increased (Figure 2.17). 
They dem onstrated th a t field lines passing close to  this separator intersect the photo­
spheric plane in two ribbon-like regions. These ribbon-like regions it is claimed may be 
related to  the ribbons witnessed in large solar flares, with the energy release assumed 
to  take place in the region of the separator. The separator studied in this work, however, 
is entirely due to the presence of null points in the magnetic field lying below the photo­
sphere, and thus the separatrix surfaces intersecting to form this separator do not form a 
part of the coronal TS.
Titov et al (1993) showed th a t, prior to the emergence of this separator, a BP exists 
a t the central location of a  centro-symmetric source arrangem ent. In general, B P ’s may 
exist in many difl'erent regions of this particular four-source field, depending on the usual 
param eters of source separation, strength and depth. We will not study these B P ’s here.
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Figure 3.13: Plot showing a selection of field lines passing through the BP at the centre 
of a centro-symmetric four source arrangement. The thick curves in the photospheric 
plane z = 0 are the ribbon-like photospheric footpoint regions of these BP field lines.
bu t instead we restrict our attention solely to  the BP of Titov et al (1993), located on 
the central region of the IL, between sources 63 and 64 (Figure 3.12). The field lines 
threading this central BP, and thus forming the separatrix surfaces of the coronal field, 
have been traced. It is found th a t, as for the field lines close to  the separator of Gorbachev 
& Somov (1988), the photospheric end points of these BP field lines also form two ribbon­
like regions, as shown in Figure 3,13. Thus the ribbon-like regions of Gorbachev & Somov 
(1988) are not ju st a feature of magnetic configurations containing a  separator bu t are also 
common to BP configurations. The observed Hq, features of large solar flares, therefore, 
may possibly be associated with coronal energy release in the presence of either B P ’s or 
separators.
Some very interesting new features may be discovered by studying further the evolu­
tion of the coronal field due to  this simple coplanar source arrangem ent as the strength 
of the internal bipole (eg and 64) is varied. Initially, a single BP is present a t the central 
location, as has already been described, but, as the internal bipole increases in strength, 
this central BP is found to split in two a t the centre. The two separate sections of the 
original single BP gradually move apart and shrink, eventually disappearing altogether 
as the parasitic strength continues to  increase. It is this splitting of the central BP which 
is of particular interest.
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F ig u re  3.14: A separator field line in the absence of m agnetic null points, (a) and (b) 
show a  selection of field lines threading the inner and outer ends, respectively, of one 
BP section. The separator is shown as the bold, lim iting field line in each case, (c) 
plots a general view of the overall 3D field topology, indicating the shape of the coronal 
separatrix  surfaces and w ith the separator again represented by the darker field line.
77
.1
Both of the distinct BP sections naturally give rise to a separatrix  surface in the 
coronal field defined by the field lines threading th a t BP. Figures 3.14a and 3.14b show 
the field lines forming one of these surfaces. Those threading the more central end of 
the BP are seen in Figure 3.14a to  re-cross the IL in the central region and return to  
the photosphere close by. Meanwhile, those field lines threading the outer end of the  BP 
form the larger portion of the separatrix  surface and return to the photosphere a t a more 
d istan t location, as shown in Figure 3.14b.
As can also be seen from Figures 3.14a and 3.14b, there is a limiting field line threading 
the BP, represented by the thick curve, which simultaneously threads the other BP section 
as well. This field line then takes on a very significant role. Since it passes through both 
of the distinct BP regions it must belong to  the distinct separatrix surface formed by each 
of those two regions. Hence it represents the intersection of the two separatrix  surfaces 
and is therefore, by definition, a separator. Figure 3.14c gives a  general 3D view of this 
field topology, tracing a selection of field lines threading both BP sections. The separator 
is shown as the thicker curve crossing the central portion of the IL a t relatively low level. 
The lighter curves, w ithout directional arrows, are not field lines but give an outline of 
the shape of the separatrix  surfaces (as can also be seen from the field lines of Figure 
3.14b).
A schematic plan view is given in Figure 3.15a in order to  dem onstrate more clearly 
the  field line topology around this separator field line. Five field lines are shown threading 
each BP region (shown by the thick black curves), two inner field lines (dashed) and two 
outer (solid). The separator is shown as the thicker, solid field line treading both BP 
sections. Also shown in Figures 3.15b and 3.15c are the two differing intersections of the 
separatrix  surfaces. In the central region between the two BP sections the surfaces formed 
by field lines threading the two sections intersect in an X -type form ation, Figure 3.15b, 
whilst in the outer regions (beyond the point a t which the separator threads the BP) the 
surfaces intersect in a T-type formation, as can be seen in Figure 3.15c.
As the internal bipole continues to increase in strength, the BP regions shrink and 
move apart, while the separator rises in height at its centre and its points of contact with 
the IL m igrate towards the outer end of each BP. At the same tim e there is a gradual 
reduction in size of the separatrix surfaces of the coronal field starting  a t the outer portions
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F ig u re  3.15: (a) A schem atic plan view of the field line topology in the vicinity of 
the separator field line, (b) and (c) show the trace of separatrix  field lines crossing 
the planes y  =  0 and x  =  —0.2, respectively, dem onstrating the X -type  and T -type 
intersections of the separatrix  surfaces in the inner and outer regions.
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of the B P ’s. Upon reaching the ends of the shrinking B P ’s the separator finally disappears 
as the coronal separatrix  surfaces shrink further and no longer intersect one another. The 
B P ’s and their separatrix  surfaces eventually disappear, leaving a ‘loop-like’ coronal field 
crossing the IL in the normal direction from positive to negative polarity a t all points.
This splitting of the original central BP, and the formation and rise of the separator 
field line, is analogous to the emergence of the separator of Gorbachev & Somov (1988); yet 
the m ethod is self-consistent and requires no assumptions or knowledge of the magnetic 
field structure below the photospheric plane. Moreover, these separators are qualitatively 
different in the following three respects: first, the BP separator found here, contrary to the 
common understanding of separators, does not require for its determ ination the presence 
of any null points in the magnetic field, since it is a consequence purely of the presence of 
B P ’s; second, the central part of our separator is located along the IL and has points of 
contact with it, while previous separators have an arc-shaped form and cross the IL in a 
transverse direction, with footpoints relatively far from the IL; third, the new separator 
appears much earlier than  the previous ones when the configuration evolves due to the 
internal bipole increasing in strength.
It should be emphasized, however, th a t the above topological reconstruction of the 
configuration may serve only as a rough sketch of its real evolution, since we have not 
taken into account the strong interaction between the evolving magnetic field and highly 
conductive plasma of the solar atmosphere. In reality, such an interaction m ust cause, 
first, the generation of a force-free component in the magnetic field and, second, current 
sheet formation along the separator and possibly a t the separatrix  surfaces both before 
and during the resulting topological reconstruction, as for the evolution of similar 2D 
m agnetic configurations.
S tarting from this point of view and considering the above configuration as a basic 
one for a two-ribbon flare, we can suggest the following possible scenario. The growth of 
the internal bipole in the initial stage causes an ‘S’-shaped bending of the IL, appearance 
of the  BP and the corresponding formation of a  dip in the configuration above th is BP. 
It could lead in turn  to the formation of a prominence a t the dip -  the location of such 
a prominence in our model is in good agreement with observations. A further growth 
of the  internal bipole splits the BP (Figures 3.14 and 3.15a) and such a splitting can be
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identified with the emergence of new magnetic fiux from below the photosphere. This 
new flux pushes the prominence upward, and interacts with the overlying field, giving rise 
to  a current sheet -  in our model (Figures 3.14 and 3.15) such a sheet is formed on the 
separator and possibly a t the separatrix  surfaces. The points of contact of the  separator 
with the IL here correspond to the feet of prominence.
Since the current sheet is m etastable, it subsequently goes unstable and gives rise to  
fast magnetic reconnection and release of the stored magnetic energy. Some of the m aterial 
of the prominence is then taken up by the reconnecting current sheet and transform ed into 
hot plasm a of a  flaring loop system. If the internal bipolar flux becomes sufficiently strong 
it may ‘break through’ the flux of the external bipole, causing the prominence to  erupt. 
This effect was firstly recognised by Syrovatskii (1982) for four colinear photospheric 
magnetic sources, and we have shown in Chapter 2.5,1 th a t this effect exists with almost 
any orientation of the emerging internal bipole. Indeed, the break-through of the internal 
flux seems most efficient for an internal bipole angle of approximately 45°. Our model 
then naturally explains the observed correlation between the onset of solar flares and the 
eruption of prominences.
It is also worth noting th a t we have only studied here one particular source arrange­
m ent. However, a study of the param eter range (angle of internal bipole, source strengths 
and separations) for which B P ’s are present a t the centre of sym m etry is given by Titov 
et al (1993). For any such centro-symmetric source arrangem ent the  upper limit on the 
internal bipole strength, as given in Titov et al (1993) will correspond to  the  moment 
of BP splitting, and the general scenario as described above will proceed.
3.6 N o n -P o ten tia l F ields
So far in this work we have considered only potential fields. W hilst in many applications 
the potential model gives a good first approximation to  observed features, large am ounts 
of shear are sometimes seen in the coronal magnetic field. This shear is associated with 
the distribution of electric currents in the coronal plasma and allows the storage of large 
am ounts of free energy. It may therefore be more realistic to  model the coronal field using 
a sheared magnetic field rather than a potential one which has no free energy.
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3 .6 .1  L in e a r  F o rc e -F re e  F ie ld s
Force-free fields, of which the potential field is just a special case, may be used in order 
to  model the desired shearing of a magnetic configuration. The force-free equation is 
in general, however, very hard to  solve due to  its non-linearity. This non-linearity also 
means th a t particular solutions, even if they can be found, cannot be superimposed to 
generate more general solutions. A great simplification arises if the force-free equation 
becomes linear; this is achieved by imposing a constant value of the a  which appears in 
the force-free equation
V X B =  oB . (3.18)
If this constant-o assumption is made, the linear force-free field generated by a  single 
magnetic source may be described using a Green’s function. The horizontal and vertical 
field components are given by
^  sin(o'(z +  di)) -  sin(aRi)  +  ^  cos(aRi)
cos(a(z +  di)) -  ^  - ^  cos(o;i2î)
u,:
R.:
z  X u ,:
uf (3.19)
B ^ ( i i ; , z )  =  ^ ( z  -I- d ^ ) [c o s (a T ’^) -|- a A ,s in ( a J % ,) ] , (3.20)
Ri — Ui -j- -j~ di) , Ui —I 11^ I—I Th I,
l^i — ~  (^iyVi)
for a source e* a t position r* =  ( x i , y i ,—di) (Démoulin & Priest 1992, Aly 1992).
Using this more complicated field expression we may now, as in the previous section, 
simply apply the BP existence criterion, Eq.(3.3), to  points on the photospheric IL of a 
field generated by a discrete number of sub-photospheric magnetic sources. Doing this we 
find essentially the same topological features as for the potential fields already studied. 
The simplest case of ju st two unequal sources is shown in Figure 3.16, which plots the 
topological skeleton of the magnetic field in the limiting case when the source depths are 
zero, and for a value of a = 0.1.
Comparison of Figure 3.16 and Figure 3.4a, which both have the same source strengths 
and locations, shows th a t the introduction of shear does not affect the  overall topology. A
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Figure 3.16: Simple linear force-free field due to two sources, at æ =  0 and æ = 1, of 
opposite polarity and with a strength ratio e =  0.5. The essential topological elements 
remain the same as for the potential field of Figure 3.4a and a large portion of the IL 
is still found to satisfy Eq.(3.3) and hence produce a BP.
magnetic null point is still seen to  lie in the source plane with the IL enclosing this null and 
the weaker source. A BP can still be found on a large region of the IL, with its size and 
position, although slightly distorted from the potential case, still on a scale comparable 
to  several source separation length scales. Similar results are also found for three sources. 
The essential topological features of the coronal magnetic field (i.e. the presence of B P ’s 
a t the photosphere and the related separatrix surfaces) are, in general, unchanged by 
the introduction of shear in these linear force-free fields generated by sub-photospheric 
sources.
For the centro-symmetric, four source arrangement the same scenario of a splitting 
central BP with the formation of a separator field line may be found in this linear force- 
free case as for the potential case. Moreover, as shown by Titov et al (1993), the range of 
param eters, in particular the range of angles between the internal and the main bipoles, 
for which B P ’s can be found is increased by the shearing of the field. The condition for 
BP splitting and hence separator formation is again given by the value of e+ as defined 
in Titov et al (1993). Thus the presence of these well-defined separator field lines may be 
found even for a relatively small  ‘S’-bending of the IL in this linear force-free field.
In studying the above sheared fields attention has to  be paid to  an inherent problem 
encountered with linear force-free fields. The field becomes periodic a t large distances and
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with increasing a . This behaviour is unphysical and thus we are restricted to  studying 
the field close to  the sources and to small values of a  and hence only small am ounts of 
shear.
3 .6 .2  A  N o n -E q u ilib r iu m  F ie ld
Observations of coronal active regions generally show th a t whilst large amounts of shear 
are present, the shearing of the field is localised. For example, M andrini et al (1995) find 
th a t for the particular active region they study the shear is strongly localised around the 
photospheric IL with the distortion from the potential field decreasing with distance from 
these regions. The magnetic field given by
(3.21)
Ri  — j |— [ I Fh — Fhi 1^  + (^  +  d iŸ ]'^,
Fh — (^jy)î  “  (^î}2/i)
has properties similar to  those described. For a  magnetic source positioned a t Vi ~  
{x i , y i , - d i )  the field given by Eq.(3.21) is strongly sheared in the vicinity of the  source 
and behaves like a potential field a t large distances. W hilst this field is not in equilibrium, 
i.e. it is not force-free, it has many of the properties of observed coronal fields and a field ^
similar in nature to this is successfully used by M andrini et al (1995) to  model active 
region fields with strong localised shearing. ;
The BP criterion, Eq.(3.3), is general for all magnetic fields. Thus it may be applied 
to  non-equilibrium fields as well as potential and force-free fields. Consider the non- |
equilibrium field generated by several sources of magnetic flux described by Eq.(3.21). I
Applying Eq.(3.3) we again find the existence of B P ’s for a wide range of param eters in I
even the simplest cases. This result is not elaborated on here as it is as expected. For the  |
simple cases given in Section 3.5, B P ’s occur a t several scale lengths distance from the |
sources, and here the field of E q .(3.21) is approximately potential. ;
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3.7  Sum m ary and D iscussion
Coronal active regions consist of many concentrated regions of opposite polarity which 
we may model as simple magnetic sources. These concentrations of magnetic flux are 
all interlinked by field lines giving rise to a complex magnetic topology. In any localised 
region however, the main features of the field topology are likely to be determined by just 
a few dom inant magnetic sources, with the more distant sources being less significant. 
Thus in the course of this chapter we have looked primarily a t coronal fields generated 
by ju st a small number of magnetic sources.
Using the existence criterion of Titov et al (1993), Eq.(3.3), we have looked for regions 
of the photospheric inversion line (IL) which are tangentially touched by the coronal field. 
We find th a t these regions (named ‘Bald Patches’, B P ’s) are present for a large range of 
source strength ratios, separations, and sub-photospheric depths, in fields generated by as 
few as two or three magnetic sources. Thus any two adjacent, unequal flux concentrations 
of opposite polarity may potentially give rise to  a BP. These B P ’s have a size which is 
on the order of the source separation length scale and are located exterior to  the sources 
producing them .
We have described in Section 3.2 how B P ’s and coronal null points are the elemental 
topological features which, along with the separatrix field lines threading them , determine 
the topological skeleton (TS) of the coronal field, if the photosphere is taken as a natural 
boundary. For these simplified models of the coronal field using discrete sub-photospheric 
flux sources, however, Démoulin et al (1994) have found th a t null points only appear 
above the photospheric plane for very specific source arrangements. B P ’s, on the other 
hand, have been shown here to  exist for a wide range of param eters. From studying the 
evolution of coronal fields due to two and three discrete sources we find th a t, in general, 
B P ’s are precursors to the emergence of magnetic null points into the coronal field. Indeed, 
we have also derived a criterion, Eq.(3.13), which indicates the existence of a coronal null 
point for quasi-coplanar source arrangements.
Following 2D studies, it is possible th a t B P ’s may be sites for coronal current sheet 
form ation, and hence magnetic reconnection and energy release, as a result of photospheric 
compressive motions, if the magnetic field is assumed anchored a t the photosphere (e.g. 
Low 1987, Sneyd 1993). To this end we have also studied the particular case of a  centro-
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symm etric arrangem ent of four coplanar magnetic sources, representing a main and a 
parasitic bipole. A configuration of this type has been studied by several authors in the 
past, using both magnetic sources (e.g. Baum & Bratentahl 1980, Gorbachev Sz. Somov 
1988, Titov et al 1993), and magnetic dipoles (e.g. Lau 1993). For this sub-photospheric, 
coplanar arrangement, no magnetic null point lies above the photosphere and hence the 
TS of the coronal field is defined purely by the field lines threading any B P ’s present. In 
studying this configuration we find, as previously by Titov et al (1993), a BP in the central 
region of the field. On evolution of the field due to  an increase in strength of the parasitic 
bipole, this BP is found to  split in two. This splitting of the BP gives rise to a separator 
field line which is well-defined, without requiring the presence of any null points in the 
coronal field. The separator field line may possibly be regarded as a favourable site for 
energy storage and release in response to  photospheric footpoint motions, and field lines 
passing close to  this separator, or threading the distinct BP regions, have been shown to 
return to  the photosphere in two ribbon-like regions. They may possibly be related to  the 
Ha-ribbons witnessed in large solar flares. This is similar to a result found by Gorbachev 
& Somov (1988) who also studied field lines passing close to a separator, but which was 
defined in term s of sub-photospheric nulls and thus has no topological significance in the 
coronal field. This newly found separator, defined without the presence of null points, 
may also possibly be related to  the finding of Démoulin et al (1994), who find th a t there 
is no direct correlation between flaring regions of the coronal field and the presence of 
null points.
Karpen et al (1990, 1991) have argued th a t the anchoring of field lines a t the  pho­
tosphere is unphysical when concerned with BP regions. Realistically, the photosphere 
has a finite thickness and those field lines close to  the BP may not penetrate sufiRciently 
deeply into this photosphere for anchorage to be plausible. Using a finite photospheric 
thickness they found numerically tha t, whilst current structures are found along the BP 
field lines, the scale lengths are not sufficiently small for dissipation to  become significant. 
More recently, however, Billinghurst et al (1993) have dem onstrated th a t in special cases 
where the magnetic field strength decays sufficiently rapidly near the photospheric plane, 
these current structures may be sufficiently fine for dissipative effects to  occur.
The argum ents of Karpen et al (1990, 1991) do not, however, rule out the topological
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im portance of B P ’s. Even if they are not always relevant as locations for coronal sheet 
form ation, the dipped nature of the field lines naturally marks B P ’s as possible sites for 
prominence formation. As we have also seen, the presence of B P ’s is closely linked with 
the possible emergence of null points into the coronal field.
C hapter 4
C urrent S h eet C onfigu ration s in  
P o te n tia l and Force-Free F ie ld s
4.1 In trodu ction
In C hapter 1.4 we have discussed how the release of magnetic energy, stored in com­
plicated field structures in the form of currents, plays an integral part in many coronal 
phenomena. To this end, current sheets play a very im portant role, acting as sites for 
this conversion and release of magnetic energy. The most likely sites for the form ation 
of coronal current sheets would appear to be a t the separatrix surfaces, where field lines 
of differing connectivity and differing orientation may become pressed together due to  
photospheric motions. We have seen in Chapter 3 how we may locate these separatrix  
surfaces in a model coronal field.
W ith current sheets being so central to  the reconnection process, an analytical ex­
pression describing the structure of the magnetic field in the vicinity of such a sheet may 
prove useful, particularly for comparison with numerical simulations of ideal MHD phe­
nomena. The study of three-dimensional magnetic reconnection, however, is still in its 
infancy and thus the nature of the magnetic field in a fully 3D current sheet is yet to  be 
discovered. Any models, therefore, of the tangential discontinuities in the magnetic field 
which represent current sheets s ta r t  by assuming a quasi-three-dimensional field, i.e. a 
three-dimensional field which is invariant in one coordinate. W ith this assumption being 
made, the  simplest and most elegant means of expressing such fields is through the use
(a) Green's field (b) Syrovatskli's field
Figure 4.1: Sketches of the field configurations for the current sheets of (a) Green and 
(b) Syrovatskii.
of complex variable notation (Priest 1982).
Although Priest et al (1993) have recently developed a technique for modelling the 
dynamic time-dependent formation of current sheets, the two current sheet expressions 
which are the most widely known are those due to  Green (1965) and Syrovatskii (1971). 
Green’s expression,
By  -f iBx ~  ~  a^, (4.1)
gives the configuration of a simple potential field containing a neutral current sheet with 
Y-type neutral points a t the ends (Figure 4.1a). This type of sheet can be seen to be a 
special case of Syrovatskli’s more general two-dimensional potential field,
which, as shown in Figure 4.1b, incorporates a sheet with singular end points.
The Green and Syrovatskii solutions of Eq.(4.1) and Eq.(4.2) may ju st be w ritten down 
by inspection, and this raises the question of whether other current sheet solutions may 
exist. Furtherm ore, these well-known solutions are potential (i.e. the field is purely two- 
dimensional), but w hat happens when a current sheet is embedded in a force-free field? 
In this chapter we will develop a more general technique for setting up the configurations 
of a constant-current, force-free field containing a straight current sheet, and in so doing 
generalise the analytical solutions of Green and Syrovatskii.
Related treatm ents have been given by Ridgeway, Amari and Priest (1992), who set up 
constant-current force-free fields for massive current sheets above a photospheric bound­
ary, and by Low(1993) who describes force-free fields with singular current-density sur­
faces.
4 .2  Force-Pree F ields
Due to the low plasma pressure of the solar corona in comparison with the magnetic 
pressure (i.e. low plasma /3 ), the force-free field approximation may often be made, 
especially in active regions. Consider a 21-dimensional magnetic field with no dépendance 
on the z-coordinate
~  ~dy'' ~
where the magnetic field has been written in term s of the magnetic potential vector 
A ( x , y ) z  so as to  satisfy autom atically the condition V • B =  0. The force-free condition 
J  X B =  0 together with Am pere’s law, J  =  1/m(V x B ) ,  gives the Grad-Shafranov 
equation
=  « (4-^)
for the flux function (A), along with the condition th a t is a function of A  alone, 
Bz = Bz{A).  Solving this equation for A  will now give different classes of force-free fields, 
depending on the functional form of Bz{A)  imposed (Priest 1982).
If complex variable notation is used, current sheets, which are essentially discontinu­
ities in the magnetic field, may be simply modelled as cuts in the complex {Z = x -{■ iy) 
plane. So the problem of finding force-free fields containing a current sheet involves solv­
ing the Grad-Shafranov equation, Eq.(4.4), in the region surrounding a cut in the  complex 
plane, from Z  = —a to Z  ~  a, say. A current sheet (or tangential discontinuity) in a 
force-free field is in “mechanical” equilibrium if the normal field component vanishes
Bn ~  0,
on the sheet (so th a t there is no magnetic tension force along the sheet), and if the  jum p 
in magnetic pressure across the sheet vanishes
[Bh  =  0,
where Bt  is the tangential field component a t the sheet, so th a t the sheet is in lateral 
equilibrium under a balance of the magnetic pressure (e.g. see Aly & Amari 1989). These
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two conditions lead to  the magnetic potential A  being a constant along the sheet. Thus 
a suitable boundary condition for this problem would be to  impose the constant value 
A (z ,2/) =  0 , say, on the cut.
In the %-plane this boundary condition is hard to impose due to  the nature of the 
finite length cut on which it is to  be imposed. This difficulty may be avoided, however, if 
the technique of conformai mappings is used. The mapping
Z  = w(Z)  = ^ ( Z  + j ) ,  (4.5)
which is a modified Joukowski transform ation, conformally maps the complex Z-plane 
into the complex Z-plane. Under this map, the cut from Z  = ~ a  to Z  = a is mapped 
onto a circle of radius r = a, centred a t the origin of the Z-plane. The rest of space in 
the  Z-plane transform s to  region outside this circle in the Z-plane.
The Laplacian operator is, however, not invariant under this mapping and its 
transform ation is given by
, (4.6)
where, from Eq.(4.5),
,„M2 =
4 \  (Z)2 (Z*)2 I Z  |4
Here Z  =  fe*^ =  x iÿ  and Z* represents the complex conjugate of Z  (Bajer 1990).
The Grad-Shafranov equation, Eq.(4.4), which we are wanting to  solve, has now be­
come
in the Z-plane, and the problematic boundary condition a t the cut now takes the easier 
form A{r,0)  ~  0 for r = a, i.e. A{a,6) =  0. The penalty, however, for this easier form 
of the boundary condition is th a t in general the resulting equation to  be solved in the 
Z-plane, Eq.(4.8), is much more complicated than the original Eq.(4.4).
A functional form for Bz{A)  now needs to  be imposed before Eq.(4.8) can be solved. 
Analytical solutions to  the original equation, Eq.(4.4), have been found by previous au­
thors, using separable techniques, for various functional forms of Bz{A)  (e.g. Low 1977,
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Priest & Milne 1980 ). Due, however, to  the transform ation of the  Laplacian operator,
Eqs.(4.6) and (4.7), the choice of forms for Bz{A)  which will readily adm it separable
solutions is now restricted, as far as we can see, solely to  the constant-current force-free 
field given by
j8a(v4) ~  (v4 f  ylo)&, (4.9)
where A q is a constant introduced to  ensure the positivity of as will be discussed 
further in Section 4.4.2. Thus, setting B^{A) ~  2Boa{A  +  Aq) for some constant a , 
where B q is a constant introduced to  denote the background field strength a t unit distance, 
Eq.(4.8) reduces to
+  (4.10)
for which 0  =  0 gives the particular case of a  potential field.
4 .3  G eneral Solution  and B oundary C onditions
For Eq.(4.10), the complementary function (Ac) satisfies V^Ac(f, ^) =  0, and this can be 
solved separably to  give a general solution of the form
OO
A c { f J )  =  ^ (o i„cos(n^ )+ O 2„sin (7 i^ ))(o :3„f" '4 -o :4„f“ ” ) - j - a o ln f  +  0 5  (4.11)
n = l
where oo, and 0 5  are constants. The infinite sum of solutions with integral n  is taken 
since we require the solution to  be continuous in 6 (i.e. A(f,  0) =  A(7~,27t) ).
A particular integral (Ap^) satisfying Eq.(4.10) may also be found in the form
Api{r, 6) =  +  2a^ cos(2^) +  ^  j  . (4.12)
Combining these two parts we find the most general solution of Eq.(4.11) is given by
00
A{f ,  9) =  ^  (a i„  Q.os{nO) 4- 0 2 » sin(n^)) +  « 4»^"")
n —1
+ « 0  In f  -  +  2tt^ cos(2^) -f ^  j +  0 5 . (4.13)
As already noted, the boundary condition a t the current sheet is now, due to  the 
mapping into the Z-plane, in the simple form A(a, 9) =  0. The general solution can be
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made to satisfy this condition by imposing the conditions
Boaa^ .« 5  =  —   oo In ao
«4n =  f o r n  7  ^ 2
«42 =  — «32^ ? 0:12 ”  ^ 0 , 0:22 — 0-
A second boundary condition arises by specifying the behaviour of the field a t large
distances from the sheet. We shall demand th a t the eflPect of the sheet becomes negligible 
as Z —> 0 0 . Consider the potential case given by a  =  0 in Eq.(4.10), and impose th a t at 
large distances the field behaves like th a t of the lowest-order neutral point, i.e an X -type 
neutral point. Thus, in complex notation we require
dFB =  By +  iBx — — =  B qZ  (4.14)
and hence
F { x , y ) r ^ - B o ^  (4.15)
where F ( x , y )  is the complex potential of which A{x ,y )  is the real part. So we have A  —> 
Re (^ —^ B o Z ‘^^ as Z —> C O , with Bq^ as before, denoting the strength of the background 
field . Under the conformai transform ation this becomes
A{f ,  ê) = Re ( - as f  oo, (4,16)
and this behaviour is achieved by setting
032 ~  —1/8
0 3 n =  0 for all n > 3
in Eq.(4.13).
The general solution for A(r,0) ,  together with the appropriate boundary conditions, 
can now be w ritten as the real part of the complex potential given by
Z . , .  ^ 1jT(f,9) == In ( - )  +  a(c -  W ) Z -  a^(c +  id)Z~^  - - ( Z % -  ^ )o '  '  '  '  '  8 '  Z%
(4.17)
where a is the specified half-length of the cut (current sheet), and 6, c, and d are dimen- 
sionless, real constants.
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At large Z  we see from Eq.(4.17) th a t
and thus for the potential A (r , 9) we have
o, a ,A(?',9) ~  — X  (1 +  tt)  +  ÿ (1 — %)- (4.18)2 ' ' '  2
In the potential case (a  =  0), the field a t large distances behaves like th a t of an X -type 
neutral point, as imposed by the second boundary condition. As a  is varied from zero this 
X -point field becomes stretched until eventually, for | o: [> 2, the field at large distances 
takes the form of a distorted 0 -ty p e  neutral point.
This complex potential, Eq.(4.17) in the Z-plane, may now transform ed back to  the 
complex Z-plane using the inverse m ap to  Eq.(4.5), namely.
Z  = w ~ ^ Z )  = Z  + {Z^ -  a^)2 .
The resulting complex potential in the Z-plane is finally found to  be
F{x ,y )  = Bo ^
2a^(re*^ -f-
(4.19)
+ 2 a c R h ' 1 - 2 a d i r é »  -  \ a 2
-  2(re*^ -  e*#)^ (4.20)
where
r —
R  = ■ + dx^y'^]2
9 = Varctan ( - )X
(f) ~ arctan ( - ^ 2%y— ^2 —
4- 2rR^ COS (^ — “ ) +  R.
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4 .4  F ield  C onfigurations
Using the fact th a t the magnetic potential A{x^y)  is constant along lines of magnetic 
force, the magnetic configurations of these force-free solutions can be drawn by ploting 
contours of the real part of Eq.(4.20).
4 .4 .1  P o te n t ia l  F ie ld s
Firstly we shall consider the potential fields given by setting a  =  0. In this case the 
complex potential of the field may be written explicitly as a function of the complex 
variable Z {x ,y )  alone, namely.
F (Z ) =  Bo a^hlw +  2ac\/Z2 -  a? -  2ad iZ -  -  o? . (4 .21)
This may be differentiated with respect to  Z  to give an expression for the magnetic field 
components
d FBy +  iBx = dZ
ba^ +  2acZ ~  Z^ -f—B q -j- 2ddi (4.22)VZ2 -  &2
If we now look at the special case given by c =  0 ,d  =  0, Eq.(4.22) reduces to simply
B y +  i B ,  =  Bo , (4.23)
which is equivalent to the solution of Syrovatskii (1971), giving a current sheet with a 
reversal of the current towards the edges and singular end points, (see Figure 4.1b). In 
the special case 6 =  this reduces still further to give
By +  =  BoV z2 a2, (4.24)
which is now the original solution of Green (1965), giving a sheet with neutral end points. 
These two cases are shown in Figures 4.2d and 4.2e, respectively.
Varying the value of the constant b in Eq.(4.23) simply moves the position of the null 
points, as can be seen from Figure 4.2. Figure 4.2a shows the potential field configuration 
given by 6 =  —1.0. This is seen to produce two null points in the surrounding field, 
along the imaginary 7/-axis normal to the sheet. As b increases these null points converge.
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Figure 4.2: Potential magnetic fields for different values of the constant b, with c =  
d =  0. As 6 increases from -1.0 to 1.0, Figures 4.2a to 4.2f, the null points converge on 
the centre of the sheet for b — —0.5, and then diverge symmetrically along it. (d) is a 
solution of the form of Syrovatskii, whilst (e) is Green’s solution.
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meeting a t Z  =  0 for 6 =  —0.5 (Figure 4 .2b). Further increases in b now cause a divergence 
of the null points along the sheet, reaching the ends for b =  0.5, which gives Green’s 
solution. Values of b greater than  this create neutral points in the surrounding held, now 
along the length of the sheet on the æ-axis (Figure 4.2f).
The contribution made to  the  held conhguration by a non-zero value for the constant 
d is best seen from Eq.(4.22). Clearly any non-zero value for d will simply add a constant 
component to  the magnetic held in the æ-direction, parallel to  the sheet. By differenti­
ating Eq.(4.20) with respect to  and taking the real part, the horizontal magnetic held 
component, can be found. The addition of a constant component to  this horizontal 
held can easily be shown to destroy the magnetic pressure balance above and below the 
sheet, and therefore its equilibrium. Hence it is only realistic to  consider cases of zero d, 
i.e. d — 0, and this will be assumed for the remainder of this work.
Suppose the constant c is now varied from zero. This has the effect of producing an 
asym m etry of the null points about the centre of the sheet. From Eq.(4.22), the null 
points of the held can be seen to  occur a t the roots of the num erator on the right hand 
side. These roots lie a t the points
Z  ~  ac d: a y j b
Thus there are two null points which converge to  the one point Z  = ac for =  — (6-+-1). 
Changing the value of c therefore changes the centre of convergence of the null points, 
along with the value of b for which this convergence occurs. Figures 4.3a and 4.3b show 
the conhgurations of a potential held where c =  —0.5, with b =  —0.75 and b — —0.5, 
respectively. The asym m etry of the null points about the centre of the sheet can lead to  
sheets as in Figure 4.3b with one singular end and one neutral end. Figures 4.3c and 4.3d 
take the value c =  —1.0, so th a t the centre of convergence is a t one end of the sheet, with 
the values b = —1.5 and b =  —1.2, respectively.
In many of the solutions found, both potential and force-free, the held behaves as
1^  ^  K [ Z  — a)~^
for some constant K  say, near an end {Z = a) of the sheet. Clearly our solutions fail a t 
these singularities, where diffusive effects become im portant and slow-mode shocks are 
possibly generated ( e.g. Petschek 1964, Priest 1985, Strachan & Priest 1994). The failure
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Figure 4.3: Asymmetrical potential magnetic fields given by non-zero values of the 
constant c. (a) and (b) have c =  —0.5, whilst (c) and (d) take the value c = —1.0. 
In each case plots are given for two different values of b, for one of which the two null 
points combine at the point Z = ac.
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is evidenced by the fact th a t the net magnetic force on the end of the sheet is non-zero 
(essentially due to  the unbalanced inwards magnetic tension force) and so the end is not 
in equilibrium. The force on the end of the sheet is given by
TTK' i^
(see Batchelor 1967, Aly & Amari 1989).
4 .4 .2  F o rce-F ree  F ie ld s
All the  configurations so far dem onstrated have been potential. Suppose now th a t the 
constant a  is varied from zero, making the fields force-free. It has already been noted 
th a t when no current sheet is present, the X -point of the potential field becomes stretched 
out as I o  I increases, with the field lines closing over for | a  |>  2 giving an elongated 
0 -po in t field. The same scenario is true when a current sheet of finite length is present. 
Figures 4.4a to 4.4f show a sequence of force-free configurations for increasing values of 
the constant a. S tarting  with o: =  —3.0 in Figure 4.4a, where the field lines are closed 
over horizontally, the field can be seen to  open up and become stretched out vertically, 
eventually closing over again, this time vertically, in Figure 4.4f where a  =  3.0.
The force-free field configurations shown in Figure 4.4 all have the constant values 
6 =  c =  0, and the null points (the positions where the separatrix field lines intersect the 
sheet) can be seen to  remain fixed. Varying the values of these constants has exactly the 
same effect as in the potential case, with b changing the position of the null points and c 
shifting the centre of sym m etry away from the origin.
In the case of force-free fields, where o  0, the question of the validity of the solutions
needs to  be raised. No problem arises in the potential case (a  =  0) where
Bz{A)  =  (2 jBo« ) 2  ( 4 -h Ao ) 2  ,
is always zero. However, for non-zero a  we must ensure th a t 2B oo(4  -f- A q )  be positive 
for meaningful solutions to exist. The particular boundary condition chosen a t the sheet, 
namely 4  =  0, leads to  a change in the sign of 4  as we cross a separatrix  of the field, and 
hence both positive and negative values of 4  exist. Depending on the sign of a  therefore,
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F ig u re  4,4: C onstant-current force-free field configurations for a range of values of a ,  
w ith 6 =  c =  0 held fixed. As ex varies, the stretching and closing of the field lines for 
I a  |>  2 is dem onstrated. Figures (b) and (e) show the critical values of a  =  —2.0 and 
cx =  2.0, respectively.
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the value of the additional constant A q  may be chosen so as to ensure the positivity of 
B^{A)  in the considered domain, provided th a t domain is finite. Changing the value of 
the constant A q  has the effect of increasing and therefore the shear of the magnetic 
field surrounding the current sheet, but this will not alter the projection of the field lines 
in the æy-plane. Clearly the larger the domain of validity th a t is required the greater the 
size of the constant A q, and the larger the amount of shear, th a t m ust be incorporated.
The new features dem onstrated in the solutions include the presence of an asym m etry 
along the length of the sheet, giving both potential and force-free fields with asymm etric 
current distributions. In particular, for force-free fields, the embedding of the current 
sheet inside a closed field line configuration and the presence of magnetic islands close to 
the surfaces of the sheet are interesting features of these constant-current solutions.
4 .4 ,3  C u rr e n t D is tr ib u t io n
By differentiating Eq.(4.20) with respect to  y, and evaluating it a t ?/ — 0, an expression 
for the magnetic field, Bx,  along the sheet may be found. Thus the current a t any point 
in the sheet may be calculated as
2Bx{y — 0)J  =
2Bo o?b -f 2acx -  x^{l  +  f  ) +  % 0L25)
For each of the potential magnetic field configurations dem onstrated in Figures 4.2 
and 4.3, and the force-free fields of Figure 4.4, the corresponding current distribution 
along the sheet is dem onstrated in Figures 4.5, 4.6 and 4.7. The asym m etry produced by 
a  non-zero value of the constant c can be very clearly seen from the current distributions 
in Figures 4.6a to  4.6d.
The to ta l current in the sheet may also now be calculated by integrating Eq.(4.25) 
along the length of the sheet
2J9oJt  = a 7t( 6 -  —)4 0L26)
For the potential cases considered in section 4.4.1, with the constant a  zero, Eq.(4.26) 
shows th a t with b negative the to ta l current in the sheet is positive. W ith 6 =  0, as in
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potential fields given in Figure 4.2.
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Figure 4.6: Current distribution along a sheet of half-length a =  1.0 for the asymmetric 
potential fields of Figure 4.3 .
Figure 4.2d, the reversed currents m atch the forward current and the sheet has an overall 
zero current. Positive values of b give the sheet a negative to ta l current.
The effect of varying a  from zero on the to tal current in the sheet can also be seen 
from Eq.(4.26), with negative values adding current in the reverse direction, and positive 
values increasing the size of the forward current.
4.5  Sum m ary and D iscu ssion
Previously, two particular solutions for the field of a current sheet in a potential field have 
been discovered, by Green (1965) and Syrovatskii (1971). However, these solutions were 
essentially just spotted and w ritten down by inspection and they left open the possibility 
of other solutions. Indeed, for many years the Syrovatskii solution was overlooked because 
of the singularities a t the ends of the sheet.
In this paper, we have developed a general technique for finding such current sheet 
fields, of which the Green and Syrovatskii solutions are special cases. We have also ex­
tended the analysis to  include current sheets in force-free fields, in particular presenting
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a general analytical expression, E q .(4.20), for the complex potential of a constant-current 
force-free magnetic field in the region surrounding a straight current sheet. Due to  the 
use of a  conformai mapping, and the change of the Laplacian operator under such a m ap­
ping, the constant-current case is the only form of force-free field for which an analytical 
solution may be easily found using separable techniques. A linear force-free field may 
also be treated , but not separably (Bajer 1990): such solutions suffer from the usual 
disadvantage of becoming periodic a t large distances, and so they need to  be truncated 
before periodicity sets in. Similarly, the solutions presented here suffer from the common 
constant-current field problem of having a divergence of the field a t large distances. This, 
however, could possibly be overcome by matching the field onto th a t of a  surrounding 
potential field which is well-behaved a t large distances (Low 1993, Schonfelder & Hood 
1995).
The solutions presented here apply equally well to m agnetostatic fields in which in 
Eqs. 4.4 and 4.9 is simply replaced by 2fj,P{A). It is worth mentioning th a t in the case of 
force-free solutions, when applying them  to coronal arcades one may wish to  impose the 
constraints of footpoint displacements, as stressed by Priest (1981). In contrast, applica­
tions to  m agnetostatic fields in incompressible fluids involve the constraint of conserving 
flux tube areas (Linardatos 1993).
It should also be noted th a t in this derivation of current sheet configurations, interest 
has been restricted solely to the sta tic  field configurations th a t are possible. No a ttem pt 
has been made to  describe the m ethod of formation of the sheet. Some previous work by 
authors on the properties and configurations of fields containing current sheets has also 
considered the formation of the sheet, representing most simply the evolution of the field 
as a series of quasi-static states in an ideal plasma (e.g. Syrovatskii 1971, Priest & Raadu 
1975, Tur & Priest 1976, Aly & Amari 1989). The ‘freezing-in’ of the field in this ideal 
plasm a approximation leads to the conclusion th a t no new neutral points may appear in 
the field surrounding the sheet, which places restrictions on the range of allowable values 
for the constants 6, c and a. Furtherm ore, Priest et al (1993) have recently developed 
a technique for studying the dynamic non-linear, time-dependent form ation of a current 
sheet, and so it would be interesting to  apply such a technique to  some of the new solutions 
discovered hpre.
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C hapter 5
S u m m ary  and D iscu ssion
The magnetic field has long been suspected of playing a m ajor role in many of the charac­
teristic features of the solar atmosphere. This may range from being a means of supporting 
against gravity the cool, dense plasma associated with prominences, to  the provision of 
energy to  the coronal plasma as a source of heating. In the introduction of this thesis we 
have discussed a few of the main issues relating to the coronal magnetic field: i t ’s origins 
beneath the solar surface, the difficulties in measuring and extrapolating the coronal field 
directly, and finally, the differing mechanisms by which dynamic photospheric energy may 
be transferred to the coronal plasma via the magnetic field.
We have seen th a t the photospheric magnetic flux is concentrated into topologically 
discrete regions, with these regions being swept together a t the supergranule boundaries. 
W herever these topologically distinct magnetic fields press together as they expand into 
the low-density atmospheric plasma we may expect tangential discontinuities to  arise. 
The process of magnetic reconnection, by which stored magnetic energy may be rapidly 
released, may naturally be expected to  occur a t such regions where the held changes over 
short length scales. For this reason we are interested in locating the boundaries between 
regions of differing magnetic connectivity and hence determining the topology of the held, 
since it is the topological structure of a particular held which is likely to  be a key factor in 
determining the response of th a t held to  plasma motions and instabilities (Berger 1991).
We have started  in C hapter 2 by modelling the coronal magnetic held using simple 
point sources of magnetic hux placed on the planar photospheric boundary to  represent 
the observed discrete concentrations. We have studied the helds generated by two, three
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and four potential sources in order to build up a picture of the how the various separatrix  
surfaces evolve and interact for these simple fields. Any separatrix surfaces present in the 
fields are entirely due to  the presence of magnetic null points lying in the source plane, 
and correspond to  the fan surfaces of these null points (Priest & Titov 1995). Thus the 
toplogical skeleton of the field is simply made up of the null points, their spine curves, 
and their separatrix fan surfaces.
We find th a t with ju st two unbalanced sources the coronal field is simply split into 
two regions of distinct connectivity by ju st one separatrix surface. For fields generated by 
three sources there exist, in general, two null points and their respective separatrix  fan 
surfaces now separate the volume into three topologically distinct regions. The two fan 
surfaces may be either nested or independent and the field evolves smoothly from one sta te  
to  the other as the sources move or grow, with the separatrix surfaces, despite becoming 
pressed together, never intersecting. There are two special cases, however, where the field 
evolution and restructuring is more complex, involving the coalescence (or bifurcation) of 
nulls and the birth of either a null line (Chapter 2.4.1 (ii)) or the form ation and eventual 
destruction of new nulls (Chapter 2.4.2(ii)).
Fields generated by four, balanced flux sources may be very different from those of 
two and three sources. The separatrix surfaces will now, in general, intersect one another 
a t a  separator field line. This separator field line lies then a t the m utual intersection of 
four topologically distinct regions and is regarded as a favoured site for the occurrence 
of reconnection processes. We have shown in Chapter 2.5.1 how, with the emergence 
of a new bipolar region in the midst of an existing bipolar field, a separator is formed 
and may rapidly rise as the emerging flux grows and erupts through the overlying field. 
In particular we have shown th a t this rapid separator rise and the break-through of the 
internal flux may occur for almost any internal bipolar angle and is not ju st restricted 
to  the special anti-parallel case studied by Syrovatskii (1982). Indeed there appears to 
be an optimum internal bipolar angle of approximately 45° for which the break-through 
is most rapid. We have also dem onstrated how observational features such as the  break­
up of a flux concentration which separates two opposite polarity regions may be simply 
modelled using ju st four sources, and the energy release seen a t such locations related to 
the topological reconstruction of the field (Chapter 2.5.2).
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In C hapter 3 we have continued our study into the evolution of coronal separatrix  
surfaces but now with the discrete flux sources displaced a small but finite distance below 
the photospheric surface. The restriction th a t all the sources lie in same horizontal plane is 
also relaxed and these two features now allow the generation of more realistic photospheric 
flux contour maps. The small vertical displacement of the sources has two im portant 
consequences. Firstly, it introduces the possibility of coronal field lines which tangentially 
graze the photospheric surface before returning upwards into the corona. These field lines 
will form separatrix  surfaces and hence contribute to the topological skeleton of the field. 
Secondly, only those null points located above the photospheric plane are now of relevance 
to  the determ ination of the coronal topology. The force-free assum ption breaks down in 
the photosphere and any extrapolation of field lines below the surface, therefore, is not 
strictly  valid. Thus, photospheric nulls and the field lines em anating from them  cannot 
be considered as contributing to  the toplogical skeleton.
To this end we have derived in C hapter 3.4 a simple criterion for determining whether 
null points in a quasi-coplanar source configuration will appear above the photospheric 
boundary and hence contribute to  the global topology. We find th a t regions of the pho­
tospheric inversion line (IL) where field lines tangentially touch the boundary from above 
(named ‘Bald Patches’, B P ’s) exist for a wide range of param eters in even the simplest 
of fields due to just two unbalanced sources. The topological structure of the field, which 
is determined uniquely by those field lines which thread the B P ’s and coronal nulls, is 
found to  evolve smoothly through the disappearance of B P ’s and the emergence of nulls. 
Indeed, the presence of B P ’s is often seen to  be a precursor to  the emergence of coronal 
null points.
One further very interesting result of Chapter 3.5.3 comes from the study of a centro- 
symmetric internal bipole emergence, as in Chapter 2.5.1. We find the presence of a 
separator field line representing the m utual intersection of two BP separatrix  surfaces. 
This separator field line is well-defined and does not require the  presence of null points 
in the coronal field. Furtherm ore, this separator runs almost parallel to the IL as is seen 
to  be the case for field lines threading coronal prominences.
Over recent years, several authors have modelled observed photospheric fields using a 
number of sub-photospheric flux concentrations (e.g. M andrini et al 1991, Démoulin et al
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1994). In these works, however, the topology has been determined by tracing field lines 
back to  their sub-photospheric sources in order to  locate a  ‘switching’ of endpoints from 
one sou re to  another. This method is not only time consuming but is also not strictly  
valid due to  the sub-photospheric extrapolation. Furthermore, the ‘switching’ of field line 
endpoints is entirely due to  the  presence of sub-photospheric null points. In the future, 
therfore, it would be interesting to  repeat such coronal field models and determ ine the 
topology instead using the simpler, self-consistent approach of merely locating all BP re­
gions and coronal nulls and then tracing ju st those field lines threading these fundam ental 
structures. Indeed, the presence of BP separatrix surfaces is overlooked by the previously 
used ‘switching’ algorithm.
In C hapter 4 we haved moved on to  consider the local structure of the  field in the region 
surronding a linear current sheet. Using complex notation and the method of conformai 
mappings we have derived a general analytical expression describing the structu re  of 
both potential and constant-current force-free fields containing a  current sheet. The 
previously well known solutions arise as special cases of our more general expression. Our 
solutions include the possibilities of asymmetric current distribution along the sheet and 
the presence of magnetic islands close to  the sheet surfaces in the force-free case.
Solutions such as those derived in C hapter 4 are for quasi three-dimensional fields. 
Our understanding of magnetic reconnection in fully three-dimensional systems is still 
limited and much work is needed before we can gain a full understanding of the process. 
In particular, magnetic reconnection in fields both with and w ithout null points needs 
to  studied in order th a t we may understand better how energy release may occur a t the 
separatrix  surfaces found in Chapters 2 and 3. It would also be interesting to study how 
the structure of a particular null point may affect the reconnection process. For example, 
we have seen in Chaptesrs 2.4.2(ii) and 2.5.2 how the local structure of the nulls may 
change from having radial fan field lines to becoming more and more improper, with the 
fan field lines closing up along a preferred direction (see Parnell et al 1995). Is the process 
of magnetic reconnection any different for these different local structures? Furtherm ore, a 
greater understanding of general three-dimensional reconnection is needed before models 
of fully three-dimensional current sheets may be constructed.
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